Dynamical zeta functions and generalised Fredholm determinants

V. Baladi

July 1994

Abstract. We recall how dynamical zeta functions can be viewed as generalised Fredholm determinants of transfer operators in expanding cases. We discuss recent joint results with David Ruelle: we define a sharp trace Tr #M and a sharp determinant Det #(1 − zM) = exp Pm˘1(zm/m)Tr #Mm for weighted transfer operators

M associated with one dimensional maps without any expansion assumption. The sharp determinant can be viewed as the inverse of a Lefschetz zeta function ζ�1(z) which counts weighted periodic points. We relate Det #(1 − zM) with the Fredholm determinant Det (1 + D(z)) of a (nuclear) kneading operator D(z), which is a continuous version of the Milnor-Thurston kneading determinant. The zeroes of the sharp determinant are the inverses of the discrete eigenvalues of M.

Introduction

We start by recalling two basic and very classical results, one from dynamical systems and the other from functional analysis.

A. Zeta functions for subshifts of finite type.

Let A be a finite 0 − 1 transition matrix, and σ_A : Σ_A → Σ_A the associated onesided subshift of finite type. If g : Σ_A → C is a function such that g(x_1, x_2, x_3, . . . ) only depends on x_1, x_2, one considers the weighted matrix A^g_{ij} = A_{ij} g_{ij} , the weighted dynamical zeta function

ζ_g(z) = exp ∞∑ m=1 z^m m ∑ x∈ΣA ,σmA (x)=x m−1∏ k=0 g(σ^k_A(x)) , (1)

and the weighted transfer operator defined for ϕ : Σ_A → C by:

L_g(ϕ)(x) = ∑ y∈ΣA ,σA(y)=x ϕ(y)g(y) . (2)

When g is real-valued and strictly positive, the Perron-Frobenius theorem applied to A^g yields a (translation invariant) Gibbs (or equilibrium) state for the nearestneighbour interaction lattice system with hard cores (σ_A, g). The correlation spectrum of this Gibbs state is thus described by the eigenvalues of the weighted transition matrix. In particular if A^g is irreducible and aperiodic, the Gibbs state is exponentially mixing.

Typeset by AMS-TEX

We make two elementary observations:

(1) The matrix A^g can be viewed as the matrix of L_g acting on the finite dimensional vector space of functions depending on x_1 only.

(2) The trivial trace formula

Tr (A^g )^m = ∑ x∈ΣA ,σmA (x)=x m−1∏ k=0 g(σ^k_A(x)) , (3)

yields 1 ζ_g(z) = exp − ∞∑ m=1 z^m m Tr (A^g)^m = Det (1 − zA^g ) . (4)

In particular 1/ζ_g(z) is a polynomial whose zeroes are the inverses of the nonzero eigenvalues of A^g .

See Bowen [1975], Ruelle [1978] (and Section 1 below) for an account of much more general results valid for infinite range interactions, and applications to Axiom A dynamical systems.

B. Classical Fredholm theory.

Let I = [0, 1] be the unit interval and dx Lebesgue measure on I. If K(x, y) is a continuous (complex) function on I × I, the linear operator defined on continuous φ : I → C by Kφ(x) = ∫ K(x, y)φ(y) dy (5) is a compact operator. Its eigenvalues are the inverses of the zeroes of the Fredholm determinant, which is the entire function defined by:

Det (1 − zK) = exp − ∞∑ m=1 z^m m Tr K^m , (6)

where Tr K = ∫ K(x, x) dx (we use that K^m can also be written as a nuclear operator with a continuous kernel). See Fredholm [1903] for the original reference, and Grothendieck [1956] for later generalisations.

Our (naive) point is simply that the inverse of the weighted dynamical zeta function (1) of the subshift of finite type can be viewed as a generalised Fredholm determinant for the operator L_g. In this article, we present various cases where it is possible to associate a generalised trace Tr M to bounded linear operators M in some family (of not necessarily compact operators), in such a way that the generalised Fredholm determinant defined by

Det (1 − zM) = exp − ∞∑ m=1 z^m m Tr M^m , can be viewed as (or related to) a weighted dynamical zeta function, and is holomorphic in some neighbourhood of zero in the complex plane where the inverses of its zeroes describe the discrete spectrum of M in a neighbourhood of infinity.

In Section 1, we review a few settings where the inverse of a dynamical zeta function can be viewed as a generalised Fredholm determinant. These cases involve two kind of assumptions: expansion and smoothness. (We shall not discuss the truly hyperbolic case, see Rugh [1992], Fried [1993b] for recent results in a hyperbolic setting, and references to previous work of Pollicott, Ruelle, Fried, Haydn, etc.)

In Section 2, we present recent joint results with D. Ruelle for one-dimensional systems, which do not require any expansion assumption. These developments were inspired by the kneading theory of Milnor and Thurston. In the Appendix, written jointly with D. Ruelle, we explain how the one-dimensional results in Baladi-Keller [1990] can be applied to non positively expansive cases.

More references can be found in the recent reviews Artuso-Aurell-Cvitanović [1990], Parry-Pollicott [1990], Baladi [1993], Ruelle [1994a].

1. Dynamical zeta functions and generalised Fredholm determinants

Consider an expanding map f on a compact metric space X, with an α-Hölder continuous weight g.

Assume first that f is α-Hölder continuous (Ruelle [1990], Fried [1993a]). Because of the Markov property of expanding maps, the transfer operator L_g ϕ(x) = Lϕ(x) = ∑ y ,f(y)=x ϕ(y)g(y) (1.1)

preserves the Banach space of α-Hölder continuous functions ϕ : X → C . The difference with the situation discussed in the introduction is that in general there is no invariant subspace on which the restriction of L is compact. Nevertheless, one can obtain an upper bound r_{ess}(L) ≤ R_{ess} on its essential spectral radius:

r_{ess}(L) = inf{ρ ≥ 0 | spectrum(L) ∩ {|z| > ρ} consists of isolated eigenvalues of finite multiplicity } . (1.2) (Note that r_{ess}(L) vanishes if L is a compact operator. We call the eigenvalues appearing in the definition of r_{ess} discrete eigenvalues of L.) If g is strictly positive, one proves that r_{ess}(L) is strictly smaller than the spectral radius r(L). Write Fix f^m = {x ∈ X | f^m(x) = x}. By analogy with (3), one defines a counting trace

Tr L = ∑ x∈Fix f g(x) , (1.3)

and a corresponding generalised Fredholm determinant

Det (1 − zL) = exp − ∞∑ m=1 z^m m Tr L^m = exp − ∞∑ m=1 z^m m ∑ x∈Fix fm m−1∏ k=0 g(f^k (x)) . (1.4)

The main theorem is then that Det (1 − zL) is holomorphic in the disc of radius R^{−1}_{ess}, and its zeroes in this disc are exactly the inverses of the eigenvalues of the operator L (the order of the zero coincides with the multiplicity of the eigenvalue).

Assume now additionally that X is a differentiable manifold, and that f and g are C^k for some 1 ≤ k < ∞. Again (Ruelle [1990], Fried [1993a]), the Markov assumption implies that the Banach space of C^k functions on M is preserved by L, and one obtains an upper bound R_{ess} on the essential spectral radius r_{ess} of L. (The higher k, the lower this upper bound.) In this smooth setting, the natural Fredholm determinant is obtained by using a flat trace:

Tr^♭L = ∑ x∈Fix f g(x) |Det (1 − D(f^{−1})_x)|

. (1.5)

(Flat traces were considered by Atiyah and Bott [1967,1968]. They follow from regularisation of the classical Fredholm trace formula from Part B of the Introduction.) Again, one proves that the corresponding flat determinant Det^♭(1 − zL) is holomorphic in the disc of radius 1/R_{ess}, and its zeroes in this disc are exactly the inverses of the discrete eigenvalues of the transfer operator L acting on C^k(X). See Ruelle [1976, 1990] for the relationship between flat determinants and weighted zeta functions.

In the case (studied by Ruelle [1976], and by Fried, Mayer, etc.) where X is an analytic manifold and f and g are analytic, regularisation is replaced by the Cauchy formula, the transfer operators are nuclear in the sense of Grothendieck (in particular compact), and Grothendieck’s [1956] generalisation of the Fredholm theory applies. The trace also has the form (1.5). The corresponding Fredholm determinant is of course an entire function in the whole complex plane.

The three smooth expanding cases just discussed involved more or less explicitly a Markov property. If suitable care is taken to preserve this Markov property, the setting of finitely many inverse contracting branches of a given expanding map f, may be replaced by a finite or countable system of (smooth) contractions ψ_ω and (smooth) weights g_ω. The corresponding generalised transfer operator preserves a space of smooth functions and takes the form Mϕ(x) = ∑ ω g_ω(x)ϕ(ψ_ω (x)) . (1.6)

One of the advantages of considering such generalised transfer operators is that they form an algebra.

We now restrict to the one-dimensional situation, this will allow us to drop first the Markov property, and then, in the next section, also the expansion assumption. A useful expansion assumption on continuous interval maps f : I → I is that f has finitely many laps of monotonicity, and the corresponding partition of I is generating. (Countably many laps of monotonicity may in fact be allowed.) Even if f and g : I → C are smooth, the transfer operator L_g defined by (1.1) in general does not even preserve the Banach space of continuous functions on I. However, the Banach space B of functions of bounded variation is invariant if g is in B (see the

Appendix). Again, one may prove an upper bound R_{ess} for the essential spectral radius of L_g acting on B. It turns out that the counting trace (3) gives here also the appropriate generalised Fredholm determinant.i.e., the function

ζ_g(z) = exp ∞∑ m=1 z^m m ∑ x∈Fix fm m−1∏ k=0 g(f^kx) (1.7)

is meromorphic in the disc of radius R^{−1}_{ess} and its poles in this disc are exactly the inverses of the discrete eigenvalues of L_g acting on B. There exist for the moment two different proofs of this result: in Baladi-Keller [1990], countable Markov extensions are used, in Ruelle [1994a], the system (f, g, I) is embedded in a Markov system (f̃ , g̃, Ĩ). The results presented in Section 2 actually give a third proof when g is continuous and vanishes at the endpoints of the monotonicity laps.

2. Lefschetz dynamical zeta functions and sharp determinants for one-dimensional maps

Consider now a piecewise monotone continuous map f : I → I where I = [0, 1], without assuming that the partition into intervals of monotonicity is generating. The map f may thus have homtervals, and in particular for some integers m ≥ 1 the set Fix f^m may be infinite. Milnor and Thurston [1977] solved this problem by counting only negative fixed points of f^m, i.e. elements of Fix f^m which lie in monotonicity laps where f^m is decreasing. This strategy works very well in the unweighted case, and yields partial results in the weighted case (as explained in the Appendix below). A second strategy involves choosing a representative set of periodic points, whenever there is more than one point of Fix f^m in a monotonicity lap of f^m. This route was explored by Ruelle [1994a].

We shall discuss a third, perhaps more natural, approach to this problem (Baladi- Ruelle [1993], Ruelle [1993], Baladi [1994], and Baladi-Ruelle [1994]). The starting point is inspired by the insight of Milnor and Thurston that the itineraries of the endpoints of the intervals of monotonicity (the turning points) are the essential invariants. Power series converging in the open unit disc may be constructed from these invariants. Milnor and Thurston constructed a (finite) kneading matrix with coefficients these power series. Their extremely striking result is that the determinant Δ(z) of this finite matrix coincides with the inverse 1/ζ^−(z) of the unweighted squared negative zeta function which we define in the Appendix. (Note that Milnor and Thurston did not consider transfer operators and their spectrum.)

We sketch the successive steps in the generalisation of this result (we also mention related results by Mori [1990,1992]):

One may first (Baladi-Ruelle [1993]) consider locally constant weights g (where the intervals of constancy may be smaller than the monotonicity laps of f) and define weighted (finite) kneading matrices. In order to recover the formula Δ_g(z) = 1/ζ_g(z) one is led to introduce a weighted Lefschetz dynamical function ζ^L(z) : instead of counting only periodic points of negative type, one counts all periodic points, but with signs {−1, 0, 1} (cancellations may occur, in particular when Fix f^m is infinite) and weighted with g. The proof is essentially the homotopy argument of Milnor and Thurston. Note that for g ≡ 1, we have ζ^L(z) = ζ^−(z).

Considering again locally constant weights, Ruelle [1993] studied the generalised setup of (1.6), where the contractions are not necessarily the inverse branches of a single map f. This gives the freedom to introduce dual transfer operators, dual zeta functions, and dual kneading matrices. The Milnor-Thurston result on zeta functions and kneading matrices may be proved by a modification of the homotopy argument. Then, using the dual objects one can relate the discrete spectrum of the generalised transfer operator (1.6) with the poles of the Lefschetz weighted dynamical zeta function.

In the functional setting given by a single interval map f, if g is of bounded variation and constant on homtervals of f, it is possible to define (Baladi [1994]) a corresponding Lefschetz zeta function ζ^L_g (z). If g is continuous at the periodic points of f, the classical Fredholm argument applied to the sequence of finite kneading matrices associated with locally constant approximations of g shows that the determinant of these matrices converge to 1/ζ^L_g (z) in a suitable domain of the complex plane.

Finally, we may consider the fully general situation (Baladi-Ruelle [1994]): the system of contractions ψ_ω does not necessarily come from a single map, and the weights g_ω are only assumed to be of bounded variation. With an additional (probably technical) assumption of continuity and vanishing at endpoints of the weights, a continuous version of the kneading matrix may be defined and related to a weighted Lefschetz dynamical function, whose definition follows from a new trace, which is called the sharp trace Tr^#M. The remainder of this section is devoted to a precise statement of these results.

The setup is the following: consider X = R or an open interval, a finite or countable family (ψ_ω) of homeomorphisms of X (let ϵ_ω = +1 if ψ_ω is increasing and ϵ_ω = −1 if ψ_ω is decreasing), and a corresponding family g_ω : X → C of continuous functions of bounded variation vanishing at the endpoints of X, and such that ∑ ω Var g_ω < ∞. Consider two bounded linear operators acting on the Banach space B of functions ϕ of bounded variation on X: Mϕ(x) = ∑ ω g_ω(x)ϕ(ψ_ω (x)) , ^Mϕ(x) = ∑ ω ϵ_ωg_ω(ψ^{−1}_ω x)ϕ(ψ^{−1}_ω (x)) . (2.1)

We may also let M and ^M act on the space of bounded complex-valued functions on X endowed with the uniform norm ‖ · ‖_0, and define

R = lim_{m→∞}(‖M^m‖_0)^{1/m} , ^R = lim_{m→∞}(‖ ^M^m‖_0)^{1/m} . (2.2)

To fix ideas, assume that ^R ≤ R. (In the other case, exchange the roles of M and ^M.) Without any continuity assumption on the weights g_ω, one can prove:

Theorem (Ruelle [1993]).

(1) The spectral radius r of M acting on B satisfies ^R ≤ r ≤ R. (2) The essential spectral radius r_{ess} of M acting on B satisfies r_{ess} ≤ ^R. (3) If g_ω ≥ 0 for all ω then r = R. If furthermore ^R < R, then R is an eigenvalue of M and there is a corresponding eigenfunction φ_R ≥ 0.

(Under the two assumptions of (3), one may also, as pointed out in Ruelle [1994b], construct a positive eigenfunctional of a dual operator M^∗ acting on bounded measures.)

Since g_ω is of bounded variation, d(g_ω(x)) is a bounded measure, with which we now define the sharp trace introduced in Baladi-Ruelle [1994]:

Tr^#M = ∑ ω ∫ d(g_ω(x)) 1 2 sgn (ψ_ω (x) − x) (2.3)

and the sharp determinant

Det^#(1 − zM) = exp − ∞∑ m=1 z^m m Tr^#M^m . (2.4)

(Of course, we set sgn (x) = ±1 if ±x > 0 and sgn (x) = 0 if x = 0.) One has Tr^#M = −Tr^# ^M. Therefore, Det^#(1 − zM) = 1/Det^#(1 − z ^M). We may define ζ^L(z) = 1/Det^#(1 − zM), ^ζ^L(z) = 1/Det^#(1 − z ^M). The main result can now be stated:

Theorem (Baladi-Ruelle [1994]). The sharp determinant Δ(z) = Det^#(1 − zM) is holomorphic in the open disc of radius ^R^{−1}, and vanishes in this disc exactly at the points λ^{−1} where λ is a discrete eigenvalue of M. The order of λ^{−1} as a zero of Δ(z) coincides with the multiplicity of λ as an eigenvalue of M.

As mentioned in the abstract, the key to the proof of this theorem is to relate Δ(z) to the classical Fredholm-Grothendieck determinant of a trace-class operator (in fact one also uses the symmetry M ↔ ^M). This relationship is a continuous version of the Milnor and Thurston kneading theory. More precisely, we introduce kneading operators D(z) and ^D(z) acting on L^1(dμ), where μ(dx) = ∑ ω |dg_ω(x)| + ∑ ω |dg_ω ∘ ψ^{−1}_ω (x)| , (2.5)

by setting for |z| < R^{−1} (D(z)φ)(y) = ∑ ω ∫ φ(x)d(zg_ω (x)) [ (1 − zM)^{−1} 1 2 sgn (· − y) ] (ψ_ω x) , (2.6)

and analogously for ^D(z) (replacing g_ω, ψ_ω and M by ϵ_ωg_ω ∘ ψ^{−1}_ω , ψ^{−1}_ω and ^M). One checks that D(z) and ^D(z) are nuclear in the sense of Grothendieck [1956], so that one may consider their Fredholm-Grothendieck determinants. The analogue of the Milnor-Thurston theorem is:

Proposition (Baladi-Ruelle [1994]). The following identities between power series hold:

Det^#(1 − zM) = Det (1 + ^D(z)) , Det^#(1 − z ^M) = Det (1 + D(z)) . (2.7) (The proof of the proposition is by resummation of power series.) We would like to end by mentioning that the analogy with the Milnor-Thurston theory yields a method of approaching the discrete spectrum of transfer operators with zeroes of determinants of finite kneading matrices.

Appendix:

Some properties of zeta functions associated with maps in one dimension

(by V. Baladi and D. Ruelle)

In this appendix, we show how results of Baladi-Keller [1990] on weighted zeta functions of piecewise monotone intervals maps for which the partition into intervals of monotonicity is generating can be applied to Milnor-Thurston-type “squared negative” weighted zeta functions when the partition is not necessarily generating (the idea, of course, is to collapse homtervals). This gives a different proof of some of the results subsequently obtained by Ruelle by less elementary methods [1994a], yielding in particular a proof of part of Conjecture 1.4 in Ruelle [1991].

Let X be a compact subset of R (assume X ⊂ [0, 1] to fix ideas) and consider maps f : X → X for which there are 0 = a_0 < a_1 < . . . < a_N = 1 (2 ≤ N < ∞) such that f restricted to each J_i = [a_i, a_{i+1}] ∩ X is strictly monotone and satisfies the Darboux property. (Defining a closed interval of X to be any set of the form X ∩ [u, v], the Darboux property means here simply that f(J_i) is a closed interval of X. This implies that f is continuous.) We call such f piecewise monotone maps. We consider weights g : X → C of bounded variation, i.e.

Var g := sup{ m∑ i=1 |g(t_i) − g(t_{i−1})| | m ≥ 2 , 0 ≤ t_0 < t_1 < · · · < t_m ≤ 1} < ∞ . Let B be the Banach space of functions ϕ : X → C of bounded variation, with the norm ‖ϕ‖ = Var ϕ + sup_{x∈X} |ϕ(x)|, and the linear operator L = L_g defined on B by Lϕ(x) = ∑ y ,fy=x g(y)ϕ(y) . If the set Fix f^m = {x ∈ X | f^m(x) = x} is finite for all m ≥ 1, we may define the dynamical zeta function ζ(z) = ζ_g(z) by the power series

ζ(z) = exp ∞∑ m=1 z^m m ∑ x∈Fix fm m−1∏ k=0 g(f^kx) . With these notations, we start with a slightly strengthened version of the main result in Baladi-Keller [1990]:

Theorem A.1.

(1) The operator L : B → B is bounded, and its essential spectral radius is not larger than

θ = θ_g := lim_{m→∞} sup_{x∈X} (^{m−1}∏ k=0 |g(f^kx)| )_{1/m} . (2) Assume that the intervals J_i are disjoint, and that the corresponding partition of X is generating (i.e., each intersection ∩^∞_{m=0}f^{−m}J_{ℓ(m)} consists of at most one point). Then, the function d(z) = 1/ζ(z) is holomorphic for |z| < θ^{−1}, and its zeroes in this disc are precisely the inverses of the eigenvalues λ of L with |λ| > θ. The order of each such zero coincides with the multiplicity of the corresponding eigenvalue.

Proof. If the weight g is continuous on each J_i the statement is proved in Baladi- Keller [1990] where it was pointed out that the continuity assumption was only used to prove Proposition 1.1 in that article. However, Proposition 1.1 in Baladi-Keller [1990] follows from a result in Ruelle [1991, Proposition 1.3], which did not require piecewise continuity of g:

Proposition. Let B_c be the quotient Banach space of B obtained by identifying functions which differ on an at most countable set, and let π : B → B_c be the quotient map. If L_c is the operator on B_c such that L_cπ = πL, then λ with |λ| > θ is an eigenvalue of L of multiplicity m ≥ 1 if and only if it is an eigenvalue of L_c of multiplicity m. �

We wish to study dynamical zeta functions for general piecewise monotone maps. In order to do this, we first consider the case where the intervals J_i are disjoint (we shall see below how to remove this assumption) and we let ϵ(x) = ±1 depending on whether x ∈ X is in an increasing or decreasing interval of monotonicity for f. Then, for m ≥ 1 we introduce the set of negative fixed points of f^m

Fix^−f^m = {x ∈ Fix f^m | m−1∏ k=0 ϵ(f^k(x)) = −1} .

(Since intersections of decreasing branches of f^m with the diagonal are transverse, the set Fix^−f^m is finite.) We now define (following Milnor-Thurston [1977] who considered the unweighted case) a weighted (squared) negative zeta function:

ζ^−(z) = exp 2 ∞∑ m=1 z^m m ∑ x∈Fix �fm m−1∏ k=0 g(f^kx) .

If some of the intervals J_i meet at their endpoints, the solution is simply to double these endpoints and all their preimages (see Hofbauer-Keller [1982]). More precisely, we fix some small δ > 0 and we construct a new compact subset X_1 of R by replacing each x ∈ X such that f^k(x) ∈ {a_1, . . . , a_{N−1}} for some k ≥ 0 (chosen minimal with this property) by two points x_− < x_+, inserting a interval of length (e.g.) δ/k! between them. This defines a map π_1 : X_1 → X, and there is a piecewise monotone map f_1 : X_1 → X_1 such that fπ_1 = π_1f_1. We set J^1_1 = [a_0, a_{1−}] ∩ X_1, ..., J^1_i = [a_{i−1+}, a_{i−}] ∩ X_1, ..., J^1_N = [a_{N−1+}, a_N ] ∩ X_1. Setting g_1 = g ∘ π_1, we have Var_{X1} g_1 = Var_X g and θ_{g1} = θ_g . We may thus define the (squared) negative g_1-weighted zeta function ζ^−_1 (z) for f_1, and we define

ζ^−(z) := ζ^−_1 (z) .

(If the intervals J_i were disjoint to begin with, the above construction yields f_1 = f, g_1 = g, ζ^−_1 (z) = ζ^−(z).)

We can now state the main result in this Appendix (which partially solves Conjecture 1.4 in Ruelle [1991], see Ruelle [1994a] for further results):

Theorem A.2. Let f : X → X be a piecewise monotone map and g : X → C be of bounded variation. Then the weighted (squared) negative zeta function ζ^−(z) for f and g is meromorphic in the open disc defined by |z| < θ^{−1}.

Proof of Theorem A.2. Since ζ^−(z) = ζ^−_1 (z) and θ_g = θ_{g1} , we may assume that the intervals of monotonicity are disjoint, i.e., work with the system f_1 : X_1 → X_1 constructed above.

If the partition into intervals of monotonicity is generating, then the dynamical function ζ_1(z) for f_1 and g_1 is well defined, and we may also consider the zeta function ζ^ϵ_1(z) for f_1 and ϵg_1. Note that

ζ^−_1 (z) = ζ_1(z) ζ^ϵ_1(z) . Since θ_{g1} = θ_{ϵg1} = θ, Theorem A.1 tells us that both zeta functions are meromorphic in the open disc of radius θ^{−1}, which concludes the proof in the case of a generating partition.

In the case where the partition is not necessarily generating, we may construct a piecewise monotone map f_2 : X_2 → X_2 from f_1 : X_1 → X_1 as follows. The compact set X_2 is obtained from X_1 by collapsing to a point every interval ∩^∞_{m=0}f^{−m}_1 J^1_{ℓ(m)} which consists of more than one point (there are at most countably many such intervals). This defines a map π_2 : X_1 → X_2 and there is a piecewise monotone map f_2 : X_2 → X_2 such that f_2π_2 = π_2f_1. We observe that for any x ∈ X_2, the set π^{−1}_2 (x) ∩ ∪_{m≥1}Fix^−(f^m_1 ) contains at most one element. (Indeed, assume that π^{−1}_2 (x) = ∩^∞_{m=0}f^{−m}_1 J^1_{ℓ(m,x)} is not reduced to a point and contains an f_1- periodic point y of minimal period k and such that f^k_1 is decreasing on π^{−1}_2 (x). It follows that the sequence of intervals (J^1_{ℓ(m,x)})_{m≥0} must be periodic, that its period p divides k, so that f^p_1 is decreasing on π^{−1}_2 (x). Thus, f^p_1 has a fixed point y_0 in π^{−1}_2 (x). Since y_0 and y are both negative fixed points for f^k_1 we must have y = y_0.) We define g_2 on X_2 by letting g_2(x) = g_1(π^{−1}_2 (x) ∩ ∪_{m≥1}Fix^−(f^m_1 )) when π^{−1}_2 (x) ∩ ∪_{m≥1}Fix^−(f^m_1 ) is not empty, and g_2(x) = g_1(y) for an arbitrarily chosen y ∈ π^{−1}_2 (x) otherwise. Clearly, Var g_2 ≤ Var g_1 and θ_{g1} ≥ θ_{g2} . We may consider the dynamical zeta functions ζ_2(z) for f_2 and g_2, and ζ^ϵ_2(z) for f_2 and ϵg_2. Obviously, we have ζ^−_2 (z) = ζ^−_1 (z) = ζ^−(z) , (A.3) and ζ^−_2 (z) = ζ_2(z) ζ^ϵ_2(z)

. (A.4)

Since ζ_2(z) and ζ^ϵ_2(z) are both meromorphic in the disc of radius θ^{−1}_{g2} ≥ θ^{−1}_{g1} by Theorem A.1, the result follows from (A.3-A.4). �

References

1. R. Artuso, E. Aurell, and P. Cvitanović, Recycling of strange sets: I. Cycle expansions, II.

Applications, Nonlinearity 3 (1990), 325–359 and 361–386.

2. M. Atiyah and R. Bott, A Lefschetz fixed point formula for elliptic complexes: I, and II.

Applications, Ann. of Math. (2) 86, 88 (1967, 1968), 374–407, 451–491.

3. V. Baladi, Dynamical zeta functions, Real and Complex Dynamical Systems (B. Branner and P. Hjorth, ed.), To appear, Kluwer Academic Publishers, 1993.

4. V. Baladi, Infinite kneading matrices and weighted zeta functions of interval maps, J. Functional Analysis 128 (1995), 226–244.

5. V. Baladi and G. Keller, Zeta functions and transfer operators for piecewise monotone transformations, Commun. Math. Phys. 127 (1990), 459–479.

6. V. Baladi and D. Ruelle, An extension of the theorem of Milnor and Thurston on the zeta functions of interval maps, Ergodic Theory Dynamical Systems 14 (1994), 621–632.

7. V. Baladi and D. Ruelle, Sharp determinants, IHES preprint (1994).

8. R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Springer (Lecture Notes in Math., Vol. 470), Berlin, 1975.

9. I. Fredholm, Sur une classe d’équations fonctionnelles, Acta Math. 27 (1903), 365–390. 10. D. Fried, The flat-trace asymptotics of a uniform system of contractions, preprint (1993a). 11. D. Fried, Meromorphic zeta functions for analytic flows, preprint (1993b). 12. A. Grothendieck, La théorie de Fredholm, Bull. Soc. Math. France 84 (1956), 319–384. 13. F. Hofbauer and G. Keller, Ergodic properties of invariant measures for piecewise monotonic transformations, Math Z. 180 (1982), 119–140.

14. J. Milnor and W. Thurston, Iterated maps of the interval, Preprint. (Published in Dynamical Systems (Maryland 1986-87), J.C. Alexander, ed. Lecture Notes in Math. Vol. 1342 (1988), Springer-Verlag, Berlin Heidelberg New York) (1977).

15. M. Mori, Fredholm determinant for piecewise linear transformations, Osaka J. Math 27 (1990), 81–116.

16. M. Mori, Fredholm determinant for piecewise monotonic transformations, Osaka J. Math. 29 (1992), 497–529.

17. W. Parry and M. Pollicott, Zeta functions and the periodic orbit structure of hyperbolic dynamics, Société Mathématique de France (Astérisque, vol. 187-188), Paris, 1990.

18. D. Ruelle, Zeta functions for expanding maps and Anosov flows, Inv. Math. 34 (1976), 231– 242.

19. D. Ruelle, Thermodynamic Formalism, Addison Wesley, Reading, MA, 1978. 20. D. Ruelle, An extension of the theory of Fredholm determinants, Publ. Math. I.H.E.S. 72 (1990), 175–193.

21. D. Ruelle, Spectral properties of a class of operators associated with maps in one dimension, Ergodic Theory Dynamical Systems 11 (1991), 757–767.

22. D. Ruelle, Functional equation for dynamical zeta functions of Milnor-Thurston type, IHES preprint (1993).

23. D. Ruelle, Dynamical Zeta Functions for Piecewise Monotone Maps of the Interval, CRM Monograph Series, Vol. 4, Amer. Math. Soc., Providence, NJ, 1994a.

24. D. Ruelle, Zeta functions and sharp determinants for interval maps, To appear, proceedings of the International Conference on Dynamical Chaos, Tokyo, 1994 (1994b).

25. H.H. Rugh, The correlation spectrum for hyperbolic analytic maps, Nonlinearity 5 (1992), 1237–1263.

V. Baladi: ETH Zürich, 8092 Zürich, Switzerland (on leave from CNRS, UMR 128, ENS Lyon, France)

E-mail address: baladi@math.ethz.ch

D. Ruelle: I.H.E.S., 91440 Bures-sur-Yvette, France