THERMODYNAMIC FORMALISM FOR PIECEWISE
EXPANDING MAPS IN FINITE DIMENSION

VIVIANE BALADI®®) AND ROBERTO CASTORRINI®

ABSTRACT. For @ > 1 and « € (0,a], we study weighted transfer operators
associated to a piecewise expanding C* map 7T on a compact manifold of dimen-
sion d > 1, and a piecewise C* weight g, acting on Sobolev spaces. We bound
the essential spectral radius in terms of a topological pressure for a subaddi-
tive potential. Under a new small boundary pressure condition, we improve the
estimate by establishing a variational principle for piecewise expanding maps
and subadditive potentials.

1. INTRODUCTION

1.1. Functional Approach to Ergodic Properties. For M a connected com-
pact Riemannian manifold and 7' : M — M, the functional analytic approach to
statistical properties of the dynamics T' consists in finding a Banach space B of
functions or distributions on M such that the (Ruelle) transfer operator

Lrgp(z) = > g)ely), zeM,
Ty=x

weighted by a suitable function g : M — C, and defined initially on a subset of
measurable functions ¢ : M — C, extends to a bounded operator on B on which its
essential spectral radius® is smaller than its spectral radius ( “quasicompactness”).
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IThe radius of the smallest disc outside of which the spectrum of L, consists of isolated
eigenvalues of finite multiplicity. Although the essential spectral radius depends on B, these
eigenvalues in general do not, see e.g. [29, Thm 2.3].
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If g is positive and T is mixing, the spectral picture can sometimes be strength-
ened as follows: The transfer operator has a positive maximal eigenvalue, which
is the exponential e’(1°89) of the topological pressure of log g. This eigenvalue is
simple, and the rest of the spectrum is contained in a smaller disc. This “spectral
gap” often implies existence, uniqueness and decay of correlations (for suitable
observables) of the equilibrium state of log g, i.e. the invariant measure maximis-
ing h,, + [loggdu (where hy, is the Kolmogorov entropy). For g = |det DT,
we have in many cases that eftr(°89) — 1 and the equilibrium state of log g is
the physical (SRB) measure.

Another desirable goal (besides finding a Banach space on which the essential
spectral radius is small) is to relate the isolated eigenvalues of the transfer operator
with the poles of a dynamical zeta function defined by assuming that FixT™ =
{z € M | T"(x) = x} is finite for each fixed n, and setting (in the sense of
formal power series) (7,4(2) = exp> 4 % Y reFixTn g™ (). We hope that the
Milnor-Thurston kneading operator approach of [13] (see [14] or [3, §3.2] for an
implementation to smooth dynamics in arbitrary dimension) can be applied to
piecewise expanding or piecewise hyperbolic dynamics in arbitrary dimension.

1.2. (Piecewise) Expanding Case. For ezpanding and piecewise expanding
maps 1" (with smallest expansion denoted by A > 1), the relevant B is a space of
functions. In the smooth expanding case, the pioneering bounds of Ruelle [38] on
the essential spectral radius, taking B the space of Holder functions, were shown
to be optimal by Gundlach-Latushkin [31], who reformulated them using a vari-
ational (thermodynamic) expression. The piecewise expanding theory is fairly
complete in one-dimension, usually taking B the set BV of functions of bounded
variation (piecewise monotonicity is enough there, see e.g. [2, 13]).

For higher dimensional piecewise expanding dynamics, quasicompactness (and
even ergodic properties such as existence of the SRB measure) can fail [45, 18] if
one does not make additional assumptions on the “complexity at the beginning”
DY(T) (also called “entropy multiplicity,” see (2.7)): The works [10, 11, 41, 35]
require some version of D®(T) < log A (“hyperbolicity beats complexity at the
beginning”) to bound the essential spectral radius. Cowieson [24] proved that
DY(T) = 0 for T in an open and dense subset of piecewise C® expanding maps,
and that Db(T) = 0 implies a spectral gap for the operator associated to g =
|det DT'|~! acting on B = BV (see [42] for a different choice of B). For arbitrary
piecewise C* weights ¢, in any dimension, Thomine [41], inspired by [10], obtained?
a bound (see (2.9)) on the essential spectral radius on classical Sobolev spaces
B =H,, for 1 <p < ooand0 <t < min{a,1/p}. Even if DYT) = 0 and
g = |det DT|~!, Thomine’s bound ensures quasicompactness only if either T
satisfies some pinching condition (for example if 7' is a § transformation) or p
is close enough to 1, in order to control the exponential growth of the number

2Using a tower construction, Buzzi et al. [22, 21] had previously found mild additional
conditions implying exponential decay of correlations for Holder observables.
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of preimages of T" (the “complexity at the end”, see Remark 2.4). Liverani
[35, (3)] found sufficient conditions ensuring a spectral gap® on B = BV for
d > 1 and piecewise expanding maps having possibly infinitely many domains of
continuity and (controlled) blowup of derivatives, with g = | det DT|~!. The only
results linking the poles of the zeta function to the spectrum of L1, for higher
dimensional* piecewise expanding maps were obtained by Buzzi and Keller [20],
for piecewise affine maps and g = |det DT| ™.

1.3. (Piecewise) Hyperbolic Case. The pioneering work [15] introduced aniso-
tropic Banach spaces B of distributions, adapted to Anosov diffeomorphisms 7.
These spaces can be classified in two categories (see [4]): Geometric spaces, using
integration over stable submanifolds, and micro-local spaces, using the Fourier
transform. The nature of geometric norms (taking a supremum over a class of
submanifolds) does not seem to be amenable to the Milnor—Thurston approach.
In the smooth hyperbolic case, the best known estimate for the essential spectral
radius is obtained for micro-local spaces by thermodynamic formalism techniques,
as a variational expression for a subadditive topological pressure [14].

Many physically relevant models, such as dispersive billiards are uniformly hy-
perbolic, but only piecewise smooth. The geometric approach [15, 30] has been
used to study the SRB measure of piecewise hyperbolic maps with controlled
complexity in dimension two ([26]), but also the SRB measure and other equi-
librium states of Sinai billiard maps and flows ([28, 7, 8, 9, 6]). It has recently
been extended to the random Lorentz gas, via Birkhoff cones [27]. Estimates on
the essential spectral radius for micro-local spaces were® obtained ([10, 11]) for
weighted piecewise hyperbolic surface maps. (The results there do not apply to
Sinai billiards, for which the derivative is unbounded.) We are not aware of any
result linking the poles of dynamical zeta functions with the spectrum of transfer
operators for piecewise hyperbolic maps.

A modification Uy® of the micro-local spaces of [11] suitable in the piecewise
smooth setting has been proposed in [4, 5]. Jézéquel, observed that, even if
D(T) = 0 and g = |det DT|~!, the bound on the essential spectral radius of
[4, Thm 4.1] may not imply quasicompactness: For a linear automorphism 7" of
the two-torus with expanding eigenvalue A > 1, the essential spectral radius of
the operator for |det DT|~! = 1 acting on the space Uy® from [4] is bounded
by ro(t,s,p) = ﬁmax{/\_t,/\t“} (the factor A comes from a naive use of
“complexity at the end”). To ensure that characteristic functions are bounded
multipliers [5, Thm 3.1], we must take —1+1/p < s < —t < 0, so that ro(t,s,p) >
1. Our hope is that a “thermodynamic” control of the complexity at the end (using
fragmentation and reconstitution, as below) will replace r¢(t, s, p) by r(¢,s,p) =

3The assumption [35, (3)] that “hyperbolicity beats complexity” is similar to requiring
DY, 4 <0, see (2.21).

4In the more general setting of non-degenerate entropy expanding maps, Buzzi [19, §6] found
a domain of meromorphy for {r,4(2) if g =1 (but no spectral interpretation of the poles).

SEven if D(T) = 0, [10, 11] do not always give quasicompactness if g # |det DT|!.
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A[}—fp max{A~* A***} for some p € (0,1) (probably (p —1)/p, in view of (2.9) and
[11, Thm 2.5]), allowing parameters for which r(t,s,p) < 1.

1.4. Outline of the Results. We consider the toy-model case of weighted piece-
wise expanding maps and classical (isotropic) Sobolev spaces 7—[;, just like in [41],
but thermodynamic estimates replace the “complexity at the end”: Our first
main result, Theorem 2.10, gives an unconditional bound (2.22) on the essential
spectral radius in terms of the topological pressure of a subadditive potential re-
lated to log|g|. (We recover the optimal bound [12, 34] in dimension one. We
improve on Thomine’s bound [41] in the generic small boundary entropy case
DYT) = 0. If g = |det DT|™!, our bound is analogous to Liverani’s bound
[35, Thm 1, Lemma 3.1] for the essential spectral radius. Our bound coincides
with Gundlach-Latushkin’s [31] bound on Hélder spaces if the map and weight
are smooth. See Remarks 2.12, 2.13, 2.15, 2.16, 2.19.) Assuming small boundary
pressure, a variational principle of Buzzi-Sarig [23] allows us to reformulate (2.22)
in Corollary 2.11.

Next, Theorem 2.17 generalises this additive variational principle [23] to a class
of subadditive potentials (subadditive potentials appear naturally in dynamics,
for example log|det DT| in dimension two or higher, see below — our results
are the piecewise smooth analogue of [14, §3], see also [3, App. B]). Combining
Theorem 2.17 with Theorem 2.10 yields Corollary 2.18, which gives the variational
expression (2.29) for the bound (2.22), under a new subadditive small boundary
pressure condition. Our results are strongest in the SRB case g = |det DT| ™1,
letting 1/p > ¢ both tend to 1.

One of the features of our approach is fragmentation-reconstitution Lemma 3.7,
which allows us to conveniently use a zoom for arbitrary values of our parameter
p. We hope that our results lay the groundwork for the implementation of the
“ultimate” micro-local Banach space U;;’S from [4, 5] in the setting of piecewise
hyperbolic systems, giving also information on zeta functions.

1.5. Outline of the Paper. The paper is organised as follows: In Section 2, after
defining our class of piecewise C® expanding maps T and piecewise C* weights g,
we state our two main results: Theorem 2.10 on the essential spectral radius of the
weighted transfer operator £, and Theorem 2.17 on the subadditive variational
principle. We state and prove Corollary 2.11 and Corollary 2.18, which follow from
Theorem 2.10 and, respectively, (2.18) and Theorem 2.17, and give conditional
variational expressions for the bound on the essential spectral radius. In Section 3,
we establish Theorem 2.10. For this, we prove the key Lasota—Yorke inequality,
Proposition 3.8, in §3.3 and exploit it in §3.4. Then, Section 4 contains the
(independent) proof of Theorem 2.17, adapting [23], using symbolic dynamics
and a variational principle of Cao—Feng—Huang [25] for continuous subadditive
potentials.
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2. SETTING, DEFINITIONS, AND PRECISE STATEMENT OF RESULTS

2.1. Piecewise Expanding Maps. Throughout, M is a compact connected C*>
Riemannian manifold of dimension d < oo, and 7, denotes the tangent space
of M at x € M. If M has a boundary we let M be a compact connected C*
Riemannian manifold of dimension d < oo containing the union of M and a small
neighbourhood of its boundary, otherwise we take M = M. For noninteger g > 1,
we denote by C? those Cl%l maps whose partial derivatives of order [3] are (8—[f])-
Holder. If a map F is invertible on a set E, we write F~!|p = (F|g)~!, abusing
notation. Fixing real numbers & > 1 and 0 < o < &, we introduce our object of
study:

Definition 2.1. A map T : M — M s called piecewise (C%) expanding if there
exists a finite set of pairwise disjoint open sets O = {O;}icr, covering Lebesgue
almost all M, such that each 00; is a finite union of C' compact hypersurfaces
with boundaries, and moreover, for each i € I there exists a neighbourhood O of

O; in M and a C® dzﬁeomorphzsm T O; — T;(O;) C M such that Tlo, = Tilo,
and, setting \i(z) = inf e an {0} H ” foriel and x € OZ,

2.1 A =inf inf )\
(2.1) 121;,330 (z) >

Remark 2.2. Using a Taylor series, our assumption implies that, for any N €
(1,N), there exists € > 0 such that, refining O to a finite collection O" = {O}}icp
(such that each DO is a finite union of C* compact hypersurfaces with boundaries)
of pairwise disjoint open sets of diameter smaller than € covering Lebesgue almost
all M, we have

d(T(x),T(y)) > Nd(z,y), Vz,yeO), Vi.

From now on, we assume that such a refinement has been done, using the notation
A O, 0, 1, for N, O, 0}, I'.

For T as in Definition 2.1 (and Remark 2.2), we introduce, for n > 1 and
= (ig,...,in—1) € I", the n-cylinder O; by

n—1
O; = 0(107._.’1-”) = ﬂ Tka”C .

Note that for each n > 1 and almost every x € M, there exists a unique i € I"
such that z € O;. The corresponding (mod-0) partition into n-cylinders O; is
denoted by O™ (so that © = OM). We set diam(O™) = maxg, o diam(0y),
so that® diam(O™) < A= diam(M).

6Recall Remark 2.2, and proceed inductively on mn, noting that ﬂZ;g TﬁkOik =
_ n—1 r—(k—
Osg ﬂT 1(ﬂk:1T * 1)Oik)~
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Forn>1and1€[”w1th0 75(2) themapT”—fﬂ_ o

1

.- 0 T;, is defined

in the neighbourhood O; = i Zok zk,l)Olk of O; (we put O; = 0 if O; = ().
Setting
(2.2) 00 =U;00;, So = Up>oT *(00),
(note that Sp has zero Lebesgue measure), we put
1

(2.3) vp(x) = - , x € M\ So,

inf)j, =1 | DT ||
(2.4) Pni(y) = |1 Dryy (T y € O, 1€ I

Up(x) = sup Ppi(x) € [vp(z),A\™"], z € M.
IEI”:xeéi

The function v, is submultiplicative (multiplicative if d = 1). We set
(2.5) ve(z) = lim vp(2)V/", 2 e M\ So.
n—oo

For 1 < p < oo and t > 0, we denote by ’H; = H;(M) the standard Sobolev
space on M (see Section 3.1). We write 7ess(L|g) for the essential spectral radius
of a bounded operator £ on a Banach space B. For a fixed piecewise expanding
map 7', a function f : M — C is called piecewise continuous if f|p, extends
continuously to OZ, and f is called piecewise C% if f|o, is C*. If f is piecewise C?,
it is easy to see that each f|p, admits a C* extension fi (with” the same Hélder
constant C;) to O; for each i € {1,..,I}, and we set

n—1
(26) ™ HfT’“ D.weM, f =T fi(@@), el e ;.
k=0

We can now deﬁne the transfer operator:

Definition 2.3. Let T : M — M be piecewise C* expanding. Let g : M — C be
piecewise C*. Fiz 1 < p < oco. The transfer operator Lg : L,(M) — Ly(M) is

Lo(@) (@) = Lrg(p)(x) = > g)ely), z€M, ¢ Ly(M).
y:T(y)==

Next, for u € Erg(T') (the set of ergodic T-invariant probability measures on
M), let hy, = h,(T) be its Kolmogorov entropy and x,,(DT') the smallest Lyapunov
exponent of the linear cocycle DT. If d = 1, the Birkhoff ergodic theorem gives
xu(DT) = [log|T'|dpu = [log|det DT|dp.

Finally, the asymptotic complexity at the beginning (or entropy multiplicity, see
e.g. [16]) D® = hpy of T (and O) is

(2.7) Db = DY(T) = lim flog Db (T),

n—oo N

"It is enough to consider real-valued f in charts. Set fi(z) = infyco,{f(y) + Cid(z,y)*}.
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where the n-complezity at the beginning DL(T) of T (and O) is
(2.8) Db = Db(T) = max# {i= (ig,...,in-1) | O; D22}, n>1.

zeM
Remark 2.4 (Complexity at the end D). The works [10, 11, 41] also use com-
plexity at the end

D{ = D¢ (T) :mzﬁ(#{i: (i0y - yin—1) |z € T"(05)}, n>1,
xre

1
D¢ =DT) = lim —logD’ > 0.

n—oo N

For Tx = 2x mod 1 on [0,1], we have DS (T) = 2", see Remarks 2.6 and 2.15,
and Lemma 2.8 for more about complezity at the end. Thomine’s bound [41] is

>l/n

Choosing p > 1 close to 1 allows to control the contribution of D, but such
an exponent p increases the contribution of |det DT"]l/p. In our estimates, the

complexity at the end will be implicit in the topological pressure Py,

p—1

(29)  ren(Loly) < lim <D$;<T>iDz<T>p sup|g™ | det DT"| 1/,

2.2. Pressure P, and Boundary Pressure. We define the pressure of sub-

additive sequences for a piecewise expanding map T, generalising the pressure®

Py, (T log f, E) (for EC M and f: M — Rf) studied e.g. by Buzzi-Sarig [23].

Definition 2.5 (Pressure of a Subadditive Potential). A submultiplicative se-
quence for the piecewise C* expanding map T is a sequence { fn : M — RT | n > 1}
of bounded functions with fuin(x) < f(T™(z)) - fu(z) for all m,n > 1. For
E C M measurable, and {f,} submultiplicative, the topological pressure of T and
(the subadditive potential) {log f, | n > 1} on E is’

1
(2.10) P (T, {log fn |n > 1}, E) = lim —log Z sup fp, € [—00,00).
n—oo n ~ P
ieI™: ENO;#£0 O
We write Py, ({log f}, E) and Py, ({log f,}) when the meaning is clear. If
fn = f™ is multiplicative, we just write Pgp(log f, E) and P ,(log f). The
topological entropy of T' on a measurable set E C M is Py (T,0, E).
For all ¢ > 1, we have the trivial bound
Pl (0.) Pl ({a108 fn} . B) Pl (0.)

(211) e~ @ - lim (inf f,)Y" <e 7 <e  a

- lim
n—0o0 n—oo

(sup f) /™.

8The partition O is a topological generator, but T' is not continuous, so classical results do
not apply. We do not relate here P, to pressure defined via open covers, separated sets, or
spanning sets. See [8, 9] for entropy and pressure via natural topological generators for billiards.
9The limit exists in R U {—o0} by subadditivity.
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Remark 2.6 (Comparing Pressure with Complexity). Note that eP M) s just
the spectral radius of L1 on Ly : Indeed, we have
(2.12) max (1) = ePnT) <exp#{i e I" | O; # 0}. Thus, D*(T) < Pp,(0).

For the complexity at the beginning, we have

(2.13) D"(T) < P;,,(0,00),
(Indeed, setting Py ,.(0,00) = #{i € I" | 00 N O; # 0}, we have, D}(T) <

Pik,top(()?ao) and D?L( ) < maX{Dn I(T) ntop(o ao)} an Z 2)
In the other direction, using that 0O has codimension one, we have by [17,
Prop. 5.2] (condition (A2) there is satisfied) that

(2.14) Pg(—log|det DT|,00) < —log A + D*(T).
Set Ag = 1, and,'® for d > 2,
1
(2.15) Ag—1 = explimsup — log max | AL (DT v |,
n—oo
where the mazximum ranges over (d — 1)- dzmenszonal subspaces V' of T,M. If T
is piecewise affine, then [16, Prop. 4] implies that
top(log f: 80) < sup log f + Ptop(o 80)
(2.16) < suplog f +log Ag_1 + D*(T).

Definition 2.7 (Small Boundary Pressure). Let T be piecewise C® expanding. A
submultiplicative sequence {fn, : M — R | n. > 1}, satisfies the small boundary
pressure condition if

(217) top(T {log fTZ} 80) < P, top T {log fn})

For multiplicative sequences f, = f™), associated to a piecewise C* function
f: M — R* with inf f > 0, Buzzi and Sarig ([23, Thm 1.3]) showed

P‘:;p(Ta log f7 80) < Ptt)p(TJ IOg f) =

(2.18) Pipllog ) = sup {I(T)+ [ log fau}.
neErg(T)

They also showed that small boundary pressure implies that there are finitely
many measures realising the supremum, and that, if T" is strongly topologically
mixing, this maximum is uniquely attained. In a previous work, Buzzi [17, Thm A]
had established (2.18) for g = | det DT'|~!, showing also that

Piop (T, —log | det DT|,00) < Py (T, — log | det DT'|) =
(2.19) P (—log|det DT|) = 0.

Theorem 2.17 below generalises (2.18) to certain subadditive potentials.
A useful consequence of (2.18) is the following lemma:

107k (A)|y denotes the quantity by which the k-dimensional volume of V' is multiplied by the
linear map A.



THERMODYNAMIC FORMALISM FOR PIECEWISE EXPANDING MAPS 9

Lemma 2.8 (Small Boundary Pressure Implies P, (T,0) < D*(T)). Let T' be
piecewise C* expanding, let g : M — R be piecewise C* with infg > 0. If

P, (T, 1log g,00) < P, (T, log g), then Py (T, log g) is bounded by the logarithm
of the spectral radius of Ly on Leo. (In particular, if Py (T,0,00) < Py, (T,0)

then D¢(T') = Pg

top(10) by the equality in (2.12).)

The fact that P, (7', logg) is bounded by the logarithm of the spectral radius

of L, on Lo for g > 0 is well known if d =1 (see [2, Thm 3.3]).

Proof. In view of (2.18), for any § > 0 there exists us € Erg(T) such that
Py (T,logg) < hyu(T) + [loggdus + 6. The claim thus follows from an ap-
plication of Rohlin’s formula See e.g. [2, pp. 160-161]. O

2.3. The Essential Spectral Radius (Theorem 2.10 and Corollary 2.11).
We introduce the weighted n-complezity at the beginning DZ(T, f) of T and a
nonnegative function f:

(220)  Di(logf) = DL(Tlogf) =sup S supf, n>1,
‘TEMieIﬂaax Os

and we set, for a submultiplicative sequence of nonnegative functions f,,
1
(2.21) Db({log fn}) = Db(T7 {log fn}) = lim —log DZ(T, log fr) -
n—o00 N
If f, =1 for all n, we recover D%(T) and D*(T) from (2.8), (2.7).
We have the following generalisation of (2.13):
Lemma 2.9. We have D*(T, {log fn}) < P, ({log fn},00).

Proof. Setting P}y (10g J,00) = i 1n 000,20 84Pg; J we have
D}(T,log f) < Py p(log f,00)
and (recalling also that f,, < (fi o T 1) - fu_1),
DY(T,log fn) < max{D’_(T.10g fn), P 1op(l0g fn, 00)}, ¥n > 2. O

The first main result follows. (It is proved in §3.4.)

Theorem 2.10 (Spectral and Essential Spectral Radius). Let T : M — M be
piecewise C* expanding and recall vy, from (2.3). Let g : M — C be piecewise C*.
For all p € (1,00) and t € (0,min{1/p, a}), the operator Ly on Ly(M) restricts
boundedly'* to HL(M), with essential spectral radius there bounded by

DYT)  p—

+ iPE;p({p

(2:22) REP(g) = oxp .

b ~log(|g™)] - | det DT"|7 - 1)})).

Hgee §3.1 for the definition of HE(M).
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Moreover, for s € [0,t], the essential spectral radius of ‘Cg"H:f)(M) is bounded by

D*(T, {log v;})
p

(223)  R(g) :exp(

p—= 1 * p n ni L -5
# PP (P sy | det DI ) )

Finally, the spectral radius of Ly on H)(M) = L,(M) is bounded by RYP(g).

Note that by (2.11), we have (similar bounds can be written for RL%(g))

DY(T) | p—1 ps
p +PP

1 1
RYP(g) <e top (o1 108191) 13y, | det DT“PVZ”ZOO
n—oo

DY(T) | p—1 ps
P +PP

1
(2.24) <e wop () Jim g™ - | det DT”\%V:’ZHZ .
n—00 o

The Ruelle inequality is the property that

(2.25) sup {hu(T) — /10g |det DT|dp} < 0.
peErg(T)

By (2.18) and (2.19), small boundary pressure for f, = |det DT™|~! implies
the Ruelle inequality. See [1, (1)] for a “large image” condition (called quasi-
Markovianity there) which ensures the Ruelle inequality.

We state a corollary of (2.22) (the reader is invited to derive variational bounds
from (2.23), Lemma 2.9):

Corollary 2.11. In the setting of Theorem 2.10, set f = (|g|| det DT|}/P)p/(=1)
Assume that the Ruelle inequality holds. If Py, (T, log f,00) < P, (T,log f) then

(2.26)
Db(1) -1
REP(g) < vtee exp( swp (P Sh, (1) + [ log(lgl]det D))
neErg(T) p
pb(1)
<vi-e v exp( sup {|[ log(|lg||det DT|)dpu}).
peEErg(T)

Clearly, sup,cprg(r){ [ log(|gl| det DT|)du} < limy oo (g™ | det DT[] . )"/

Proof of Corollary 2.11. The first bound follows from (2.18) and (2.22). To show
the second one, use Ruelle’s inequality and proceed as for [3, (2.27)]. O

We list some comments about the unconditional result Theorem 2.10.

12The term DY(T,{logvg})/p in (2.23) can be replaced by Py, ({log vy, }, 00) /p,applying
Lemma 2.9 to f, = v;,.
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Remark 2.12 (The case d = 1). If d = 1, then D*(T) = 0, and |det DT"| =
|DT"| = v;! so that (2.24) is
(2.27) <" P Jim ||g™ DTV

n—oo
Lettingp — 1, t — 1 in (2.27) (or in (2.9)), we recover the (sometimes optimal
[34]) bound lim,, sup |g"™ |/ from [12] for the essential spectral radius on BV .

Remark 2.13 (Spectral Gap if g = |det DT|™!). For g = |det DT|™! the dual
of Ly fizes Lebesgue measure, and Lebesgue measure belongs to the dual of any
HL(M) with t > 0. In addition, the norm of ||LgllL, vy < 1, with HL(M) C
Li(M). Hence, if Tess(['|detDT|—1|H§,) < 1, for some 0 < t < 1/p, then the
spectral radius of L4 on ’H; is equal to one and standard arguments imply that'3
T has finitely many ergodic absolutely continuous invariant probability measures,
with densities in ”HZ(M), the union of whose ergodic basins has full measure (see
e.g. [10, Thm 33] or [35, Thm 1]). Each of these measures is exponentially mizing
(up to a finite period) for C¥ Hélder observables if v > t. Taking t (and thus p)
close enough to 1, our bound (2.24) for ress(Laet pr|-11111) 8 strictly smaller than
one if D*(T) = 0. More generally, if o = exp(D(T,{v:})) < 1 for some s < t
then (2.23) is bounded by o for t and p close enough to 1, which is comparable to
Liverani’s bound from [35, (3), Lemma 3.1].

Remark 2.14 (Spectral Gap if g > 0). The spectral radius of L1g4 on Lo is
< Pi,(loglgl) (similarly as for (2.12)). Although M}, is not included in Lo if
t < 1/p, we conjecture, in view of [23, Thm 1.2], that, if g > 0 and there exist
t < min{l/p,a} such that ress(Lglyy) < Piy(logg) = RY*(g), then the spec-
tral radius of Lty on H}, is Py,(logg). In particular, combining the mazimal
eigenvectors of Lg and its dual should then give another construction for the equi-
librium states of Buzzi—Sarig [23], with the additional perk of exponential decay of
correlations for suitable observables.

Remark 2.15 (Comparing (2.22) with Thomine’s bound (2.9)). Our bound (2.24)
is less than or equal to (2.9) as soon as D°(T') > Py,,(0). By Lemma 2.8, this holds
under the small boundary entropy condition P,,(T,0,00) < P (T,0). For T a
multidimensional B-transformation (i.e. a piecewise affine T', with DT constant)
on [0,1]%, it is known [16, Thm 1, Lemma 1] that D*(T) = 0 and Piop(0) = hyop =
Z?:1 & = log|det DT|, for 0 < & < --- < &y the Lyapunov exponents of T. By
20, Thm 1], we have D(T) = lim;, 0o max L7 (1) > exp(z:f:1 &). Thus, we
recover Thomine’s bound (2.9) since (2.24) gives

— e+ g+ g —t
TeSS(ﬁldetDTlfl‘Hé) <e STy Lim GG i b o ot

13Gee also the comment after (2.18) for the existence of equilibrium states for general g > 0
under small boundary pressure.
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Our bound (2.22) can be strictly smaller than (2.9) (we expect that this holds
generically if D¢(T) = Py,(0)): Take d = 1 and* T continuous, with g =
|det DT|~t. By the variational principle [23, Thm 3.1] for —log|det DT| (using
(2.14) with D*(T) = 0), there exists pspp such that'®

p p 1
1
(=7 logg+ p—

-1
) Pl log | det DT|)

-1
=1L D (hHSRB - /10g | det DT|d,uSRB)

-1,
< pT(Ptop(O) - /log |det DT|dpsrg) -
If T has a fized point with Lyapunov exponent < [log|det DT'|dusrp then
1
/log |det DT|"**YPdjgpp < lim — log sup | det DT™| /P
non

Remark 2.16 (Comparing (2.22) with Gundlach-Latushkin). If T is C* and g
is C* on M, the condition t < 1/p can be lifted, and we get the optimal bound

exp sup <hH(T) + /log|g|du - txH(DT)>
n€Erg(T)

from [31] for B =C by'® letting p — oo in (2.22).

2.4. Variational Principle (Theorem 2.17 and Corollary 2.18). Our sec-
ond main result (proved in Section 4) is a variational principle for certain subad-
ditive potentials, generalising (2.18):

Theorem 2.17 (Variational Principle). Let T be piecewise C* expanding, let'”
G : M — C be piecewise C%, and let t > 0. If the small boundary pressure
condition (2.17) holds for f, = fni = |G™|- VL (recall (2.3)), then

sup {(T)+ [ 10g]Gldu — txu(DT)} = Piylflog fu}).
pekrg(T)

In addition, the supremum above is attained.
Define
1
(2.28) frip=lg™ | |det DT"|7 -1}, t>0,p>1, n>1.

Theorem 2.17 and the proof of Theorem 2.10 allow us to show the following
corollary in §3.4 see the proof of Corollary 2.11 for the last claim):

YThen P5,(0) = D(T). Moreover, P,(0) = hiop(T) > 0: Taking the O; to be
maximal monotonicity intervals, #{i € I" | O; # 0} is the lap-number lap, of T, and
lim,, ;00 n " loglap, = htop(T).

15Note that the left hand-side is equal to zero.

161y the smooth case D*(T) = 0, and the variational principle (2.18) for the subadditive
potential log(|g(")| - | det DT”\% -vy,) holds [3, App. B].

17Our application is G = (g - | det DT|%)‘1.
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Corollary 2.18 (Variational Expression for the Essential Spectral Radius). Let
T, g, p, t, be as in Theorem 2.10. Assume that the Ruelle inequality (2.25) holds.
If T satisfies the small boundary pressure condition (2.17) for f, = fg,t,p with

q€ll, I%], and 0 <t < min{1/p, a}, then the spectral radius of L4 on Hg =1L,
is bounded by ROP4(g), the essential spectral radius of Ly on ’H;, is bounded by

b
Ri{p,q(g) — exp<D (T)
h, (T 1
(2.29) + sup {M + /log(|g|]det DT\;)d,u — tXM(DT)}> .
neErg(T) q

In addition, we have

DT

)) . lim Hg(n)‘ det DT(n)|l/p+1/q Vi”i/:

n—o0

(230)  R.P9(g) < exp(

If D*(T) = 0 and (2.17) holds for f;,  with ¢ = p/(p — 1), the bound (2.29)
reduces to the bound in [3, Thm 2.15] for smooth expanding maps.

Note that 1/p+1/g € [1,1+1/p]. If g =p/(p— 1) then 1/p+ 1/q = 1, and,
comparing (2.30) to Thomine’s bound (2.9), we see that the complexity at the
end has disappeared, at the cost of a higher weight on |det DT|.

Remark 2.19 (Small Boundary Pressure Condition (2.17)). The bound (2.17)
for fgt’p holds'® if

q(log[sup(|g|| det DT[Y?lim(sup v/£)Y/™)] — log [inf(|g|| det DT|Y/?) lim (inf l/fl)l/”])
(2.31) < P (0) — P (0,00) .
Indeed, by (2.11), we find

Piop({alog fnt p}) Piop(0) 1
e >e 0 lim inf[|g™)] - | det DT™|7 t]H/™
n—oo

while (2.11) gives

Pt*op({QIngn,t,p}va(/)) Pt*op((),a(’)) . 1 111
e q <e ¢ lim sup[|g™| - |det DT™|p1!]"/™.
n—oo

In the piecewise affine case, (2.16) gives Py, (0,00) < DY(T) +log Ag—1 (recall
(2.15)). If d > 2, (2.31) holds for 3-transformations T and g = |det DT|~! with
0 <t < 1/p, for arbitrary ¢ > 1. Indeed, D*(T) = 0 and P (0) = Zle & =

log | det DT|, with vy, a constant function, and lim, V}/n = exp(—¢&1), so that
(2.31) reads ZZC-IZQ & < Zgzl &

18Cf. the condition suplog |g| — inf log |g| < P*(0) from the pioneering work [33].
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3. PROOF OF THEOREM 2.10 ON THE ESSENTIAL SPECTRAL RADIUS
3.1. Sobolev Spaces. For p € (1,00) and t € R, define local Sobolev spaces by
Hy = Hy(RY) = {u € Ly(RY) | ||ull gy ey = IF~((1 + 1€1)!2 - Fu)l| 1, ray < o0},

where F is the Fourier transform. If ¢ > 0 then H;(Rd) is the closure of the
Schwartz space S of rapidly decreasing functions for the norm ||ul| Hi(Rd)> S€e €.g.
[43, Thm 3.2/2, Rk 3.2/2].

Recall M from the beginning of §2.1. To patch the local spaces together, we
will use charts and partitions of unity:

Definition 3.1 (Admissible Charts and Partition of Unity for T"). For a piecewise
C® expanding map T, we define admissible charts to be a finite system of C*° local
charts {(Vy, kw) }weq, where each V,, is open in M and such that Vo C 6i(w), for
some i(w) € I, with M C UV, and where each k, : V,, — R? is a diffeomorphism
onto its image. We define an admissible partition of unity to be a C> partition
of unity {0, : M — [0,1]}weq such that the support of 6., is contained in V.

Note that if M has a boundary, the boundary cutoff will be performed through
the characteristic functions of the O;.

Definition 3.2 (H}(M)). Let T be piecewise C* expanding and let k,, and 6, be
as in Definition 3.1. For 1 <p < oo and t < 1/p, let H}, = H.,(M) be defined by

H (M) = {p € Ly(M) | lellmgiany = 3 10 9) 0 55 |y gy < 00}
weN

By [39], the definition above makes sense if M has a boundary (in that case
Kw(supp (6,)) has a boundary for some w) since ¢ < 1/p. Changing the system of
charts or the partition of unity produces equivalent norms (see [40, 1.5, 1.6]). It is
easy to see that H} (M) is the closure of C’(M) for the norm o/l e (ary for v > ¢

3.2. Toolbox. Zoomed Norms. We collect results used for the Lasota—Yorke
inequality. We shall use the following localisation to zoom into smaller scales.

Lemma 3.3 (Localisation [44, Thm 2.4.7(ii)]). Fiz 7 in the set C*(R%,[0,1]) of
compactly supported C™ functions from R? to [0,1]. For x € R and m € Z2, set
Tm(z) = 7(x +m). For any p € (1,00) and t € R there exists Cppr < 00 such
that

1
p
(3.1) (3 el < Cunrlulg o € ).

meZd

In addition, if Y cya Tm(x) = 1 for all x, then there exists Cypr < 0o such that

1
(32)  ullw < C’t,p,T< Z HTmuH%t) ’ , Yu such that: Ym , Tu € H;(Rd).
P

mezZa
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For any measurable set O and every p € (1,00) we have | 1o¢|L, < |lo|lL,-
The next result is the reason behind the constraint ¢ < 1/p:

Lemma 3.4 (Characteristic Functions as Bounded Multipliers [39, Cor. 11.4.2]).
For any —1+1/p <t < 1/p <1 there exists Ct,p such that, for any L > 1, and
every measurable set O C RY whose intersection with almost every line parallel to
some coordinate axis has at most L connected components, we have

ILo¢llag < CrpLllellay , Vo € Hy(R?).

We will be able to use Lemma 3.4 when composing with the iterate 7" of a
piecewise expanding map in view of the following result.

Lemma 3.5 ([41, Lemma 5.1]). Recall Definitions 2.1 and 3.1. Let Ly be the
mazimal number of smooth boundary components of the O;. For anyn > 1,1 € I",
x € Oy, and for any w € Q such that x € supp b, there exist a neighbourhood O’
of © and an orthogonal matriz A such that the intersection of A(kw,(O'NOy)) with
almost any line parallel to a coordinate axis has at most Lon components.

The next result is crucial (for F' = id, it plays the part of a Leibniz bound):

Lemma 3.6 (Local Lasota—Yorke Bound [3, Lemma 2.21]). Let d > 1. For each
0 <t < « there exists ¢; such that for any p € (1,00), any open U C R? any
F :U — R? extending to a bilipschitz C® diffeomorphism of R with

(3.3) sup |det DF| < 2sup |det DF,
R4 U

and any C* function f : R — C supported in a compact set K C U, we have

I£ - (9o Pl < sup|flsup |det DF['7| o)l g , Vi € HY(RY) = L,(R),

and for any t'" < t there is Cyy ,(f, F') such that, for any ¢ € ’H; supported in K,

1f-(poF)llmy < e sup /] sup HDFHtsgp | det DF| 2ol g +Crr p(f, F) 0l e -

The intersection multiplicity of a family of subsets of R? is the maximal number
of sets having nonempty intersection. The intersection multiplicity of a partition
of unity of R? is the intersection multiplicity of the family formed by taking
the supports of the maps in the partition. With this terminology, we recall the
fragmentation-reconstitution lemma, at the core of our local computations.

Lemma 3.7 (Fragmentation and Reconstitution [3, Lemmas 2.26 and 2.27]). Let
l1<p<ooandt>0, and let K C R% be compact. For any t' € 7 there exists a
constant C' > 0 such that, for any partition of unity {0; }ngl of K with intersection

multiplicity 3, there exist finite constants Cy,Cy > 0 (depending on the 6; only
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through their supports) such that

(3.4)
o
I 2«9 wlgy < 5 Z 16; wH WP 4 Cy Z ||9jw||Hg (fragmentation),
Jj=1 j=1
(3. 5)

Z 105w][%, )l/p < CBI/P sup HG w| gy + C’@Z 6, wHHt’ (reconstitution).
J=1 J=1

In addition, if t = 0, then'? we may take Cy = Cy = 0.

Finally, for p € (1,00) and ¢t > 0, following Thomine [41], define a zoomed norm
for any increasing sequence 7, > 1 (chosen in the proof of Proposition 3.8) by

(3.6) Ru(z) =rn-2,Yo € R, n € Zy s |@llrpip = Y ||(Butp) o R -
weN g
The zoomed norm ||, defined above is equivalent to || - [|zz¢. It is used for

example when applying Lemma 3.5 and Lemma 3.6 below.

3.3. A Global Lasota—Yorke Inequality. We will prove the Lasota—Yorke in-
equality by combining the zoomed norm with the fragmentation-reconstitution
techniques from §3.2, to obtain a thermodynamic factor in front of the strong

1
norm. Recall the sequence f,,;, = [g"| - |det DT™|7 - v}, from (2.28).

Proposition 3.8 (Lasota—Yorke Bound). Fizp € (1,00), and 0 < t < min{%, alt.
Then there ewists Cy,, such that, for any T and g as in Theorem 2.10,

1 1
1£5¢llz, < Cup(Dn) (3 sup Ton) 7 lellz, . Ve € Ly(M), Vn > 1,
iern O

and, in addition, for each T, there exists an increasing® sequence {r, = rn(T)}
such that, for each g and each t' < t, there exists Cp, = Cy, v ,(g) such that

1 .
1£5 el b < Copn(Dp)? (3 _sup £773) 7 - @lvatn

ie[n i
(3.7) + Cullpllrirp, Yo €HL, W >1.

Proof. We prove (3.7). (The bound on L,(M) follows from a simplification of
the argument for (3.7), using the L, bound in Lemma 3.6 and the last claim of
Lemma 3.7. In particular, the zoom is not needed.) For n > 1 and each i € I"™,

19This follows from the Holder inequality. See the proof of [3, Lemmas 2.26 and 2.27].
20The sequence 7, is independent of ¢ and p.
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select a C*° function #; on M such that supp 6; C 6i and 6; = 1 on O;. Then we
have?!
(3.8) Lyp(x) = Z(Qigi(n)loigo) o Tl_"(a:) , for Lebesgue a.e. z € M .
ieln
Recall Definition 3.1. For w € 2, we have

(3.9) (0.LY ) © kit o R = Z <9w [(Gigi(n)loigo) o i‘”]) ok, o R, .

ie[’rl
Since ¢ = Y /cqb.¢, the triangle inequality followed by the fragmentation
bound (3.4) in Lemma 3.7 applied for fixed i to the partition of unity {6} gives
constants C' (depending on the intersection multiplicity) and Cyg_,y such that

1 (BuLyp) okt o Ryl

1/p
(3.10) <CZ<ZH (05 10,0,0) 0 T;]) 0 55" oRn1|’§{;)

ieln
+C{9 /}ZZH 191 )1Oi6w’90)oTi_n])oHc:10R;1 HH;)’
iel™ W’

We focus on the first double sum in the right hand-side (the second is similar).
For 7,, such that > 7, =1 as in the localisation Lemma 3.3, set

(3.11) cpZL,’" =(TmoRpoky):  (Bp), mEe Z%, so that O = gpzjn,’n
mezZd

Since 6, is compactly supported, only a finite number of terms in the above sum
are nonzero. In addition, the functions (7, o Ry, 0 Kyr),,cze have finite intersec-
tion multiplicity 3. Thus, for each i and «’, the fragmentation bound (3.4) in
Lemma 3.7 (applied to the partition of unity 7,,) estimates the pth power of the
term for (i,w’) in (3.10) by (using (|a| + |@'|)? < 2P~ L(|alP + |d'|P))

(312) 80 VP 3 |< 105 10,0™") oi"1) on o RV,

mezZd
+ Crprokn H( 0:3." 10,07% )oT;”]) Lo R, -
meZ4

We focus on the first term above. The set of indices i € I™ for which the term in
(3.12) corresponding to a fixed pair (w’,m) is non zero is contained in the set

(3.13) J'=J"w' ,m)={ieI": OiNsuppy " # 0}.

Since R, expands by a factor r,, while the size of the supports of the functions 7,
is uniformly bounded, taking r,, large enough, we can guarantee that supp @Z’}’"
is small enough such that #.J"(w’,m) < D% for each w’ and m.

218ince Leb(00) = 0 and L, acts on a subset of L,(M), the formula (3.8) is legitimate.
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For w, w’, and i € J" such that f;”(Vw) N (Vi NO;) # 0, setting

o =7m - (Lo, (Burp)l 0 i 0 BT)

F=RyokyoTy "oy o R, f=7mn- ((0ulfurtsa”] o T ™) o vyt o Ry,
for C> functions 6, : M — 0,1] , 7 : RY — [0, 1] with

O () = Oy ()00 (), Vo € M, Fop ()T (1) = T (1), Yu € RY

we have
(3.14) (Hw[(ﬂigi(n)loigog,’n) ) ]N’l_”]) ok to R = f- (el o F).
Increasing 7, if needed (and choosing 7, with a small enough support), the map
F = F(n,i,w,w’) satisfies the condition (3.3) of Lemma 3.6, if we take for U the

intersection of Ry, (k. (77" (O;NV,y))) with the interior of the support of 7,,. Then,
Lemma 3.6 applied to the map F, the weight f = f(n,m,i,w,w’), which is C*

and supported on U, and the test function ¢;" gives constants Cy, (depending

on r,,) and Cy such that, recalling 7 ; from (2.4), and, setting ©; = supp 6;,
1 - o )l

~ 1 ~
(3.15) < Cysup |5 | sup | det DT |2 sup #7131 g + Coll e 1y -

Next, using bounded distortion for uniformly expanding maps (see e.g. [36, I11.1]),
there exists C' > 0 such that for all n and i,

sup(|g{"|) sup(| dev DTY|!/?) < Cigf(1g;" || det DT |'1).
Finally, using (inf a) - (supb) < sup(a - b), we have
(3.16) sup \g.(”)\ sup | det Df”]% sup ! s < Csup(|§.(")|] det Df"]%ﬁt 2
: @i 1 @i (—)i n,1 — @i 1 1 n,a/ -
Setting ¥; = {(«',m) | i € J"(',m)} and
(3.17) =4 = supllgy" || det DI+, .
CH

by (3.15), (3.14), (3.16), and the Minkowski inequality, we have

S X 1l o Tongt oo o Fll )

iel™ N (w',m)ex;

1 1
D p
(3.18) gct,pzzn,i< > Hﬁ;"n%) +an< > ||so$’i”||§;g> .

i (w’,m)ex; i (w’,m)ex;

D=
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Let us estimate the first term above. For all ¢ > 1, the?? Holder inequality gives

ZEn,i( Z ||90$7in||€{1§>

ieln (w’,m)ex;

L m,n —a_ a1
(3.19) <QoEDTQoC Do el ) )

i i (W m)es;

S =

m,.n H

w'i Hé’
10,. On the one hand, if the support of ;™" is small enough, which is guaranteed
if 7, is large enough, then Lemma 3.5 provides a neighbourhood O’ of this support
and a matrix A such that the intersection of R, (A(k(O'N0O;))) with almost any
line parallel to a coordinate axis has at most Lgn connected components. Hence,
since?® t < 1/p, Lemma 3.4 applied to multiplication by 1o/no, © m;,l oA lo R,
using that A is orthogonal and commutes with R,,, implies, for all i € J",

To estimate an we argue as in [41] to get rid of the characteristic functions

(3.20) (1o, 0k} o R - vl < CrpLon|lv|lm , Vo
Thus, we obtain

(3.21) [

|t < CopLon||Tm - (Ourp) © k)t o Ry gy, Vie ™

We can now estimate the second factor in the right hand-side of (3.19). Using
(3.21) and (3.1) from the localisation Lemma 3.3, we have, for any ¢ € [1, p%l],

q—1

q
@Dp\ 7
(3.22) (Z( > !!@Z}”H’};;)q p)
iel™ N (w',m)ex;

q—1

9 q
< Ct,pn<z (> Utm Oup) o5t o By IE) <q—1>p>
i (w’,m)GEi
q=1
q q
< Gt,pn(( S Dk sup I (Bup) 0wt o Ry T) <q—w)
w',m

ieJ"(w’,m)

=

(3.23) < Ct,pn(Dﬁ)l/p(Z [(Burp) 0 k' o R;l”%) )

w

exchanging the sums over i and (w’,m) (which is legitimate since ﬁ > 1) and

using #J"(w’,m) < Db for all m and &' in the penultimate line. Combining

22We use the standard notation >, \ai\q/)l/ql = sup; |a;| if ¢ = oo.
23This is the only place where this assumption is used.
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(3.23), (3.19), and (3.18) with (3.10), we obtain, for any ¢ € [1, p%l],

1 (6Ly) org' o Ryt < Cu ) 1(Bur) 0 mgt o By

w/

3=

1
+ Ct,p”(Dz)l/p( Z Ei,i) ! (Z [(8urp) © "ﬂ:/l o RZIHZ;[E)

ieln

Hence, the reconstitution bound (3.5) in Lemma 3.7 applied to the partition of
unity 6, gives

[ (0u5) 0 k5" 0 Ry lag < G sup [(0uri) 5t o Bl g
w'e

1 _ _
(3.24) + Crpn(DO)P(D T EL) 7Y [(Burp) 0 iyt © Ryl -
icln w'eN

Since (2 is finite and the map ¢ +— ||v||¢ is strictly decreasing on [1,00) for any
fixed v € RP, this implies (3.7) by (3.17) and the definition (3.6) of || - ||, +.p-

(Replacing ©; by O, gi(”) by g™, det Dfi” by det DT™, and 7y, ; by vy, in (3.17)
costs a factor (1 4 €)", for arbitrarily small € > 0, up to taking #; with small

enough support.) d

3.4. Proof of Theorem 2.10 and Corollary 2.18.

Proof of Theorem 2.10. The claim on the spectral radius on L, = 7-[2 is an obvious
consequence on the L, bound in Proposition 3.8.

For the bound on the essential spectral radius, since each norm || - ||, + is
equivalent to |- ||, and since the inclusion of H! in L,(M) is compact for t > 0,

the Lasota—Yorke bound in Proposition 3.8 implies, by a result of Hennion [32,
Cor. 1], that

p—1

pb(r)

(3.25)  ress(Lylpyy) <p=e 7 lim (Zsup(!g(”)ldet DT”liy;)p'ﬁ> "

n—oo )
ie[n Ol

(Indeed, fix ng > 1 very large, so that the limit in (3.25) is almost attained,
decompose n = fng + n', with £ > 0 and 0 < n’ < ng, and apply Proposition 3.8
inductively to bound £ for the norm || - ||, ,¢p, Which is equivalent to the norm
of H},(M).) Then (3.25) implies the bound (2.22) for the essential spectral radius,
by definition of Py,

To show (2.23), we modify the proof of Proposition 3.8 as follows: In the
definition (3.17) of Z,,;, we replace t by t — s. In (3.18), (3.19), and (3.22), we
replace ¢!} by Supg, ﬂz’itpz’?. In the line after (3.22), we insert (supg, D;;i)p
before the factor |7, - ...|[;. In (3.23) and the line above it, we replace DY by

P

(1+e)"Dl({v:}) (with € as in the end of the proof of Proposition 3.8). O



THERMODYNAMIC FORMALISM FOR PIECEWISE EXPANDING MAPS 21

Proof of Corollary 2.18. Since (3.24) holds for any ¢ € [1, #], the conclusion of

P p-1
Proposition 3.8 holds replacing (Zie n SUPQ, Tf;;)pT by the infimum of
1
(Z sup fg,t,p) 7
icln Oi
over such ¢. Thus (2.22) in Theorem 2.10 holds replacing %ngp({z% log frtp})
by the infimum over such ¢ of %Pt’gp({q log fntp}). The bound (2.29) follows from

this version of (2.22) combined with Theorem 2.17 with G = g|det DT|%: We
have, for ¢ € [1, I%],

DTy 1, .
g e £yl = T < <P (108G )

1

= - sup {hu(T) + /qlog Gldp — thu(DT)}
q ueErg(T)

1 1

= sup {hM(T) + /log |g(det DT); |dp — tXM(DT)} .

ueErg(T) L 4
The final claim is shown just like the second bound of Corollary 2.11. 0

4. PROOF OF THEOREM 2.17 ON THE SUBADDITIVE VARIATIONAL PRINCIPLE

We show Theorem 2.17 in §4.3, adapting the proof?* of [23, Thm 3.1(i)] to
subadditive potentials. For this, we first state and prove a key proposition about
measures with ©(Sp) > 0 in §4.1 and next recall in §4.2 the symbolic dynamics
of a piecewise expanding map and a variational principle of Cao—Feng—Huang.

4.1. Measures Giving Nonzero Mass to Sp. The proof of Theorem 2.17 is
based on the following proposition, inspired from [23, Prop. 3.1]:

Proposition 4.1. Let T be a piecewise C* expanding map. Recall So from (2.2).
For each p € Erg(T) such that u(Sp) > 0, every t > 0, and each piecewise C*
function G : M — R}, we have

(1) + [ og Gl — 1, (DT) < Py ({1o(G"14)}. So)

Our proof of the proposition uses the following lemma (see [14], [3, Lemma B.3]):

Lemma 4.2. Let T be a piecewise C* expanding map, and let G : M — R be
piecewise continuous. Then, for any measurable set E C M and any t > 0,

1

P (T, {log(|IG™|t) | n > 1}, E) = im EP{ZP(TW’log(|G(m)‘yfn),E).

24 Applying directly [23, Thm 1.3] and using Lemma 4.2 would also give Theorem 2.17, along
the lines of [3, Lemma B.6]. (Note that small boundary pressure of 7™ for log fm, for all large
enough m is equivalent to the condition in Theorem 2.17 by Lemma 4.2.)
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Proof. The limit in the right-hand side exists in RU{—o0} by submultiplicativity.
By definition, for each € > 0, there exists m > 1 such that

1
P (n)y, ,t - (m)y, t
(@ os (GO [ n 2 1) fe> Slog Y sup(GV )
iEIm‘EI"‘IOi#@

]‘ * m m
> — B, (T 10g(1G™1,), ).

(we used that the limit defining P (7™, log f, E) is an infimum). Thus

top

(T, 1og(|G"™ |u,), B) .

T S
top(T {log(’G |Vf1) ’ n Z 1}’E) Z n}gn Ptop

The other inequality follows from submultiplicativity, which gives, for any m > 0,

1

t k), t

Piop(T {log(IG™1V) [ n 211, E) = lim —log 3 sup(|G"™)|ufy)
ieImk| ENO;#£0

1 1
- lim - log > Sgp(\G M vm)
ie(Im)k|ENOs#0 !

(T™, log(|G™|ut)), E) .

IN

. *
- P top

O

Proof of Proposition 4.1. We may assume inf G > 0 because, if Gy, is a sequence
of piecewise continuous functions such that infy; Gy > 0, with Gy > Giy1 > |G|
for all k, and limg o |G — |G|z (ar) = O, then for any measurable set E,

applying our definitions to the sequences f, = log(G™vt) and (for a fixed k)
f1 = log(G}vh),

n

(4.1) hm Pt”;)p

(T, {log(G\"vL)}, E) = Py (T, {log(|G™|v})}, B) , ¥t > 0.

To show (4.1), it suffices to show that for all £ > 0 (see?® [3, Lemma B.4])
(T {log(G{"}) | n > 1}, B) < Py (T {log(IG™ ) | n > 1}, B).

*
hm P, top

top
Fix F and t. For any € > 0, there exists m = m(e) large enough such that
1
Piop(T (08GO [n> 1), E) +e> Slog Y0 sup(GU ).
ieIm|ENO;#0 O
Then take ko(m) such that for all k& > kg

1 m 1
—log  y. swp(GvL) < —(etlog DD sup(IGM]).
™ emiEnozo 9 ierm|Bnos£0 91

25There are typos in the proof there: G, should be replaced by G (twice) in the third line of
that proof, and Q. (T, G, AC) W) + 2¢ should be Q. (T, G, A W, m) + € in the 5th line.
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We conclude the proof of (4.1) by submultiplicativity: For all k > ko,

P (T, {log(GYV0h) | n > 1}, E) < P,

(T, {log(1G™ ) | n > 1}, ) + 2.
So let us assume that inf |G| > 0. By definition,

n—1
(G™0t) (@) = exp (Z log G(T*(x) ~ tog. inf ||DmT“<v>r|) .
k=0

We introduce a generalisation of (2.6), setting, for n,m > 1,

n—1
fOmi@) = T f(@" (@), = € M.
k=0

Fix € > 0. First, by Lemma 4.2 there exist mo > 1 and a sequence ng(m) > 1 such
that (using the convention that the supremum of any function over the empty set
is zero)

Z Sup(G(mn)(an)(n,m)) < en(Pt*;p(Tm,log(G’(mMﬁn),S@)—l—e)  ¥m >1,Vn > no(m)7
. O;
le[’nm 1

(4.2) < enm(Plop (108G 1,80)42¢) iy > o > no(m).

Next, for any p € Erg(T"), Oseledec’s theorem [46] implies

t
(4.3) lim —logvy,(v) = —tx.(DT), for u almost every x.

m—o00 m

Thus, by the Birkhoff ergodic theorem, there exists a set R C M, with u(R) >

1-— 7“(‘3‘9), and there exists an integer my < mq(e) < oo such that

(4.4) (G () > e (J1osGdu—txu(DT)=€) gy ¢ R
Therefore
(45) (G Y (g) > grma([1os Glu—txu(DT)=¢) 'y e R > 1.
For each n > 1, define

K,={ieI"™ |O;NnRNSo #0}.

Since K,, = Ujek, O; contains RN Sp, we have inf,, u(KC,) > u(RNSp) > @ >
0. Next, since log G is?® piecewise Holder, and diam(O™) < diam(M)/\", there
exist Cg < 0o and nq(e) > 1 such that, for all n > ny and all i € [™™1,

(4.6)  [log GU"™)(z) —log G"™) (y)| < C(diam(0))* < n% , Vz,y € 05,
and, in addition since vy, is Holder on Oj for each j € I, we have for all n > nq,

(4.7)  t|log(vm,) ™™ (x) — log(vm, )™ (y)] < n% , Yo,y e Oy, Yie I"™ .

26We do not see why piecewise uniform continuity of ¢ suffices for [23, (5)].
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It follows from (4.6-4.7) and (4.5) that, for all n > nq,

4.8 sup (G t e "¢ Sup (ml)ufn ") (z
48 2, s (@)@ 2 e s (G a)

> 4K, - enml(flog Gdu—txu(DT)—%) )

Therefore, since my > my, recalling (4.2) we have, for all n > max{ng(mg), n1},

(49) #K, < C«enml(Ptf)p({10g(G(n)y;)}7SO)+2e) . e—nml(flog Gdu—txu(DT)—Ze) .

Rudolph’s formula for the entropy (see [37, §5.1, §5.10]) says that if u € Erg(T)
then, for any fixed v € (0,1) and any finite generator, denoting by K, the minimal
cardinality of a collection of /-cylinders whose union has measure at least -+,
we have h,(T) = liminf,_, %log K. Therefore, taking O as a generator and

v = (SO) , we have #K > K, so that

hu(T) < liminf log #K,,

n—oo nmi
tOp({log( MV}, So) + 26 — /log Gdp+tx,(DT) + 2e,
where we used (4.9) for the second inequality. To conclude, let € — 0. O

4.2. Symbolic Dynamics. Continuous Subadditive Variational Princi-
ple. We use the symbolic dynamics for a piecewise C* expanding map T from
[23, Beginning of §3]: Set

Yo(T) = {ice = (ig,i1,...) € I%* |z € M | T"z € O;, ,¥n > 0},

and let ¥(T") be the closure of Xo(7T') in I%+ for the product topology of the discrete
topology on I. (This topology is compatible with the distance dist(ino,joo) = 277,
where (i, joo) = min{k € Z, | i% # j£}, where i¥, = (ig,i1,...,ir_1) € IF,
and with the convention min() = o0.) Let o : X(T') — 3(T") be the left-shift on
(7).

By compactness of M, and since T is piecewise expanding, for each iy, € (7)
there exists a unique 2 € M such that N,>105n = {x}. This defines a map 7 :
S(T) = M by m(isc) = Nu>10in. . Setting G = 7 1(Sp) and O™ = 7~ 1(00),
it is easy to check that the restriction

)\ |J o7 (00™) = S(T)\ 85 — M\ | T7*(00) = M\ So
k>0 k>0

is measurable, and bijective, with measurable inverse, and we have m,00 = T o,.
Note that o is a continuous transformation of the compact metric space (7).
Next, given a function f: M — R, we define f™: X(T) — R by

(4.10) f7ic) = Jim inf S
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Then we have

(4.11) F(ine) = f(n(ing)), Vioo : m(ise) ¢ 8O.

Moreover, for each o > 0 there exists o/ such that if f is piecewise a-Holder,
respectively continuous, on M then f7™ is o/-Holder, respectively continuous, on
(7). If ¢ : ¥(T') — R?, is continuous then the topological pressure Piop (o, log ¢)
is well-defined. If f is such that f™:3%(7") — R is continuous, then

PtOP(Uv log fﬂ) = f)tt)p(T7 log f) :

More generally, if f, : M — R% is a submultiplicative sequence of functions with
each f7 continuous, it is easy to see that

(4.12) Frop(, {log f7}) = Piop(T' {log fn})

where the topological pressure in the left-hand side is defined using (n, €)-separated
sets for continuous transformations of compact metric spaces in [25, p. 640], or in
the case of left-shift o (see [25, §4, p. 649]) using cylinders.

The topological entropy of ¢ is finite. Thus, for a submultiplicative sequence
of continuous functions ¢,, : X(T') — R, the variational principle in [25, Thm 1.1
and §4] says that (the limit below exists by subadditivity)

.1
(4.13) Piop(o,{logpn}) = sup {hy, (o) + lim /logqﬁnd,uo}.
o €Erg(o) noeen

4.3. Proof of Theorem 2.17.

Proof of Theorem 2.17. Fix t > 0. In Step I, we shall prove that?’

sup iy, (T) +/10gG|du—txM(DT) < log Py, ({log(G™vh)}) .
neErg(T)

In Step II, we shall find o € Erg(T") with

hpuo,o (T') + / log |Glduos — txpe, (DT) = log Py, ({log(G™v)})

Both steps will use Proposition 4.1.

We can assume inf |G| > 0 by (4.1). We associate the sequence of continuous
functions {log f; ;} to {log fn: = log(|G™|t)} via (4.10).

We start with Step I. Let u € Erg(T'). Assume first that u(Sp) = 0. Then,

m: (X(T),pomo)— (M,u,T),

(for the Borel o algebras of 3(T'), M) is a measure-theoretic isomorphism. Thus

1
hu(T) + /log |Gldp — txu(DT) = hyor—1(0) + lim - /log fodpo L.

27This does not require small boundary pressure.
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Next, by the variational principle (4.13),

.1 T — T
hor1(0) + lim - [ log f7djeo 771 < Pr(o, 1og 7,1).

Therefore, since Pyop(0,{log f7;}) = Piop (T, {log fu}) by (4.12), we have

h(T) + / log |G]ds — txu(DT) < Py (T, {log fus})

Finally, if 4(Se) > 0, then Proposition 4.1 gives

ho(T) + / log |Gldjs — txu(DT) < Py (T, {log fus}, S0) < Py (T, {log fur})

We move to Step II. Since o is expansive and 3(7') is compact, the functions

1
pa = hy, (0") and pig = lim / log frs dpio, o € Erg(o)
b :

are upper semi-continuous (indeed — [ lim, % logv dp > 0 is lower semi-con-
tinuous, as it is the smallest Lyapunov exponent x,(DT), see e.g. [46, Lemma 9.1],
hence lim,, % JlogvT dp < 0 and lim,, % [ log fn+ dp are upper semi-continuous).
Therefore, there exists pp € Erg(o) with

1 1
hyo (o) + lim — /log foedwo = sup (o) +lim — /log foe ditg
non o €Erg (o) non

= Pt0p(07 {log fﬁr,t}) )

where the second inequality follows from the variational principle (4.13).
Setting o+ = po o w1, suppose that g +(Sp) > 0, so that uo(r=(Se)) > 0.
Then Proposition 4.1 and the small boundary condition (2.17) would imply

1 - - _
Pt0p(07 {log f;{,t}) = huo(”) + h}lnﬁ /10g fn,td:u(] < Ptop(aa {log fn,t}?Tr 180)

< Piop(T,{10g foi}, 00) < P (T, {log fus}) -

This would contradict P, (T, {log fnt}) = Piop(a, {log f7;}). Thus, 10,:(So) = 0
and, arguing as in Step I, we have

1 o1 -
P (T) + hrrln - /log Jnadpor = hyo(o) + hTan - / log £ ydpo -

The right-hand side is Piop(0, {log f7,}) = Prop(T,{log fn:}), and we conclude.
(|
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