Proceedings of Symposia in Pure Mathematics Volume 00, XXXX

Decay of Correlations

Viviane BALADI

Abstract. This introduction to rates of mixing of discrete time dynamical systems contains an overview of known results (mostly for uniformly or nonuniformly hyperbolic maps and their SRB measures) and techniques (symbolic dynamics, towers with recurrence times, spectrum of Perron-Frobenius-Ruelle operator and dynamical zeta functions, projective metrics on Birkhoff cones, probabilistic coupling).

1. What are these notes about?

Invariant measures, physical measures, and rates of mixing

We are interested in discrete-time dynamical systems represented by the iterates f^n = f ∘ f^{n−1} (where n ∈ Z_+ represents time) of a transformation f : M → M which is “chaotic,” in the sense that arbitrarily close distinct initial points become “separated” (assuming a metric structure or at least a topology on M) if one waits long enough. This separation (sometimes referred to as “sensitive dependence on initial conditions”) often takes place at exponential speed, as in the elementary paradigm of the “angle-doubling” map z → z^2 on the circle {z ∈ C | |z| = 1}, where the distance between f^n(x) and f^n(y) is 2^n times the distance between x and y if they are close enough.

Our aim is to describe the long-time behaviour of generic initial conditions. Generic is understood in a measure-theoretical sense, so that this task of statistically describing the asymptotics of “most” initial data is not rendered completely hopeless by the sensitive dependence property. We shall mostly discuss the case when M is a compact Riemann manifold, so that we have a natural a priori probability measure on M: the Lebesgue measure. We therefore seek to understand invariant probability measures μ (i.e., μ(f^{−1}(E)) = μ(E) for every Borel set) which are somehow related to the a priori measure.

The first key concept is, of course, ergodicity (see [Wal] for this, and other, ergodic-theoretical notions). Recall that the celebrated Birkhoff theorem says that

2000 Mathematics Subject Classification. Primary 37A25; Secondary 37C05, 37C30, 37D20, 37D25.

Key words and phrases. Chaotic dynamics, physical measures, SRB measures, rates of mixing, correlation functions, transfer operators.

The author was supported in part by the Fonds National de la Recherche Scientifique Suisse #20-50493.97.

© XXXX American Mathematical Society 1

2 VIVIANE BALADI

if μ is an f invariant Borel probability measure such that (f, μ) is ergodic (i.e., “indecomposable” in the sense that E = f^{−1}E only if μ(E) = 0 or 1), then for each continuous “test” function (also called “observable”) φ : M → C and μ-almost all x ∈ M the “time average converges to the space average:”

(1.1) lim_{n→∞} 1 n n−1∑ i=0 φ(f^ix) = ∫ φ dμ .

(In fact, convergence does not hold only for continuous observables, L^1(dμ) would suffice.) Of course, μ can be supported on a set of zero Lebesgue measure (the simplest example being a periodic orbit). In this case “μ-almost everywhere” is not very meaningful! Suppressing the observable, one may consider the set of points x (called the ergodic basin of μ) such that the convergence

(1.2) lim_{n→∞} 1 n n−1∑ i=0 δ_f i_x = μ .

holds (weakly, with δ_y denoting the Dirac mass at y). If the ergodic basin of x has positive Lebesgue measure, μ is called a physical measure. In recent literature, physical measures are sometimes called SRB measures, for Sinai-Ruelle-Bowen. We prefer to restrict the SRB terminology to its historical technical definition (absolute continuity with respect to Lebesgue of the measures induced along the unstable directions, see, e.g., [Yo2], see also [PeS, BoV, ABV] for generalisations) although it is often equivalent to the above concept of physical measure.

We shall discuss below classes of dynamical systems possessing a single, or finitely many, physical measure(s) the (union of the) ergodic basin(s) of which have total Lebesgue measure in M. (For saddles, or systems with “holes,” the notion of physical measure is not appropriate and one should condition by the property of remaining in a neighbourhood. This gives rise to the notion of quasi-SRB or generalised SRB measure, see, e.g., Ruelle [Ru10] for the concept, Collet–Martínez– Schmitt [CMS] and Chernov–Markarian–Troubetzkoy [CMT] for examples.)

For an ergodic physical measure, one would like to quantify the spatial nature of the convergence (1.1–1.2). For a real-valued observable, assuming that ∫ φ dμ = 0 (replacing if necessary φ by φ − ∫ φ dμ), one says that the central limit theorem (CLT) holds for (f, μ) and φ if the “random variable”

x → 1 √ n n−1∑ i=0 φ ∘ f^n(x)

(where x is distributed with law μ) converges in law to a normal distribution N (0, σ) for some 0 < σ < ∞. Recall that in probability theory the central limit theorem holds, e.g., for independent identically distributed random variables [Dur], but also under weaker “independence” assumptions. Of course, a deterministic dynamical system does not behave like an i.i.d. random variable! Nevertheless we shall encounter below “weak independence” assumptions involving the correlation functions or rates of mixing which are the main topic of these notes, and which are sufficient for the CLT.

DECAY OF CORRELATIONS 3

A statistical property which implies ergodicity is mixing, a kind of asymptotic independence: (f, μ) is mixing if for every pair of observables φ, ψ ∈ L^2(dμ)

(1.3) lim_{n→∞} ∫ (φ ∘ f^n) ψ dμ = ∫ φ dμ ∫ ψ dμ . For the special case when the observables are characteristic functions χ_A and χ_B of Borel sets A, B ⊂ M, this means

(1.4) lim_{n→∞} μ(f^{−n}A ∩ B) = μ(A)μ(B) ,

which is indeed the classical notion of (asymptotic) independence. Often, (1.3) is equivalent to a more natural (and often more convenient) formulation of mixing (using dx for Lebesgue measure again):

(1.5) lim_{n→∞} ∫ (φ ∘ f^n) ψ dx = ∫ φ dμ ∫ ψ dx . Indeed, the left hand side is now a well-defined expression even if μ is unknown. In particular, taking ψ ≡ 1 we see that (1.5) corresponds to convergence to equilibrium:

(1.6) lim_{n→∞} ∫ (φ ∘ f^n) dx = ∫ φ dμ . The expression

(1.7) ρ_{φψ}(n) = ∫ (φ ∘ f^n) ψ dμ − ∫ φ dμ ∫ ψ dμ , viewed as a function of n ∈ Z_+ is called the correlation function of (f, μ) for the observables φ, ψ. By a slight abuse of language the difference

(1.8) ρ^′_{φ,ψ}(n) = ∫ (φ ∘ f^n) ψ dx − ∫ φ dμ ∫ ψ dx , may also be called a correlation function. We shall see that sometimes the correlation function ρ_{φψ}(n) decays exponentially with n for suitable φ, ψ. It is thus natural to consider its (a priori formal) Fourier transform

(1.9) ^ρ_{φψ}(ω) = ∑ n∈Z e^{inω}ρ_{φψ}(n) (setting ρ_{φψ}(n) = ρ_{ψφ}(−n) for negative n if f is not invertible). Exponential decay (with a uniform rate in φ, ψ) would imply that ^ρ_{φψ}(ω) is analytic in a strip |ℑω| < η, with η independent of φ, ψ in some function class. In some cases ^ρ_{φψ}(ω) admits an extension meromorphic in a strip ℑ(ω) < η^′ where the possible location of its poles (the Ruelle resonances, or the correlation spectrum) only depend on the dynamical system (f, μ) (and not on the observables). They are often described by the set of poles of a dynamical zeta function or the set of zeroes of a dynamical Fredholm determinant, as we shall explain in these notes.

Mixing alone is in general not enough to imply the CLT: we need to quantify this notion by studying the speed at which the convergence (1.3) (or (1.5)) takes place. This is one of the motivations to study the rate of decay of correlations functions. For this, it is in general necessary to restrict the test functions to a functional subspace B of L^2(dμ). It is often convenient to take for B a Banach space (suitable Hilbert spaces are usually not readily available). In many cases, ρ^′_{φ,ψ}(n) ∼ ρ_{φψ}(n)

4 VIVIANE BALADI

when n → ∞ if the observables belong to an appropriate function space. In Section 4 we shall give a catalogue of results for speeds of mixing. The rule of thumb is that if it is possible to find a space of observables B such that |ρ_{φψ}(n)| ≤ C(n) for all n ∈ Z_+ and all φ, ψ ∈ B, then the central limit theorem holds for observables in B if the speed of mixing C(n) is summable, i.e., if ∑ n C(n) < ∞. We refer to [Li2], and also [Yo2, Yo3], [V2] for precise statements, their proofs, and references (in particular to previous work of Gordin, and to a probabilistic Lindeberg-Levy central limit theorem for martingales [Bil], as well as an important martingale approximation theorem by Kipnis and Varadhan).

2. A pedestrian’s view: Three elementary examples

Before quoting (mostly without proof) a series of known results, let us discuss three examples which can be treated “by hand.” We hope this will ease the beginners’ entrance into this topic, but we would like to point out that this “hands on” approach is not characteristic of the field. Most results are obtained by rather abstract and sometimes long proofs which require, besides the usual geometric and topological toolbox of dynamics, a not completely trivial amount of functional analysis (spectral theory of bounded operators on Banach spaces, projective metrics on convex cones). Probability theory also enters the picture in the more advanced results, e.g., via the implementation of large deviation ideas.

Example # 1: Rotations on the circle. (Ergodic isometry with no mixing.)

For α ∈ [0, 1), consider the rotation R_α(z) = ze^{2iπα} on the circle {z ∈ C | |z| = 1}. Lebesgue measure μ is clearly invariant under R_α. We shall see that (R_α, μ) is ergodic if and only if α is irrational (it is then an ergodic physical measure), but that it is not mixing.

If α is irrational then for any φ ∈ L^2(dμ) such that φ = φ ∘ R_α (Lebesgue almost everywhere), we have, using the Fourier expansion φ(z) = ∑ Zb_nz^n of φ:

(2.1) φ(e^{2iπα}z) = ∑ n∈Z b_ne^{2iπnα}z^n , so that φ ∘ R_α = φ if and only if for all n ∈ Z

(2.2) b_n(e^{2iπnα} − 1) = 0 .

This implies that b_n = 0 except perhaps for n = 0. Thus, φ is constant. (And if it is the characteristic function of a set, this set has either zero or full measure.) Now if α = p/q is rational then R^q_α is the identity map, which is clearly not ergodic.

We now check that (R_α, μ) is not mixing, assuming 0 < α < 1/2 (the case α ≥ 1/2 is similar). For this, take an arc of circle A of length α/10 and let B be the arc of circle which is the complement of an arc of length α/2 centered at A. Thus, the length of B is > 2α. Clearly, there are arbitrarily large iterates n so that R^n_α(A) is contained in B but also arbitrarily large iterates m such that R^m_α is contained in the complement of B. (Draw a picture!) Thus, μ(R^n_αA ∩ B) = μ(A) > 0 but μ(R^m_α A ∩ B) = 0, which is incompatible with mixing.

Example # 2: Angle doubling on the circle. (Linear expanding map with superexponential mixing.)

We now move to an example of dynamics which is locally expanding but confined to a compact set: the angle-doubling map f(z) = z^2 on the circle {z ∈ C |

DECAY OF CORRELATIONS 5

|z| = 1}. Again, Lebesgue measure μ on the circle is preserved. (Draw the graph of the map x → 2x modulo 1 on the interval.) Let us show that (f, μ) is mixing (and thus ergodic), again by a Fourier series argument. Write two elements φ, ψ of L^2(dμ) as

(2.3) φ = ∑ m∈Z a_mz^m , ψ = ∑ ℓ∈Z b_ℓz^ℓ , and assume that ∫ ψ dμ = 0, that is, b_0 = 0. Then, since φ ∘ f^n = ∑ m a_m(z^{2n} )^m, we have

(2.4) ∫ φ ∘ f^n ψ dμ = ∑ m ∑ ℓ ∫ a_m(z^{2n} )^mb_ℓz^ℓ dμ .

The only nonvanishing terms in the double sum are those for which ℓ = −2^nm, ℓ ≠ 0, and we are left with

(2.5) ∫ φ ∘ f^n ψ dμ = ∑ m≠0 a_mb_{−2}n_m , which clearly goes to zero as n → ∞. The reader is invited to prove that the convergence to zero is faster than any exponential if φ, ψ are analytic. (If they are only Lipschitz, exponential mixing with rate 1/2 holds in general. The statement for C^r observables, with 0 < r ≤ ∞, is that mixing takes place at least with exponential rate 1/2^r.)

The same property of superexponential mixing for analytic observables and exponential mixing for finitely differentiable observables occurs for linear uniformly

hyperbolic maps, e.g., the Arnold “cat map” ( 2 1 1 1 ) on the two-dimensional torus,

which also preserves Lebesgue measure. For nonlinear but smooth (C^2, or at least C^{1+ϵ}) uniformly expanding or uniformly hyperbolic dynamics, the physical measure first has to be constructed, and one can then prove that it mixes exponentially. (See Sections 3 and 4.)

Example # 3: Full shift, finitely many symbols. (Symbolic hyperbolic/expanding model.)

Subshifts of finite type will be discussed further later on. Let us restrict for the moment to the simplest case of full shifts. Let then S = {1, 2, . . . , N} and Σ = S^Z be the set of biinfinite sequences with coefficients in S. Define the (two-sided) shift σ to the left on Σ by σ(x)_n = x_{n+1}. We also consider the (nonivertible) one-sided shift σ_+ on Σ_+ = S^{Z+}. For each 0 < θ < 1 we may use the metric

(2.6) d_θ(x, y) = ∑ k θ^{|k|}(1 − δ(x_k , y_k)) , where δ(·, ·) is the Kronecker δ. (The shifts σ and σ_+ are continuous. The shift σ_+ is locally expanding, while σ is “hyperbolic” for this metric.)

If N = 2 the one-sided full shift is a symbolic model for the angle-doubling map f of Example 2. The reader who has never seen this is invited to construct a Lipschitz surjective map π : Σ_+ → S^1 such that fπ = πσ_+, i.e., π is a semiconjugacy, by considering the partition of the circle into the two arcs {e^{2iπα} | 0 < α < 1/2} and {e^{2iπα} | 1/2 < α < 1}.

6 VIVIANE BALADI

The Bernoulli measure μ on Σ, respectively Σ_+ is an invariant probability measure for σ, respectively σ_+, constructed by assigning mass (1/N)^k to each kcylinder Z_k (a_i ∈ S, and ℓ in Z or Z_+ respectively):

(2.7) Z_k = Z_k(a_1, . . . , a_k, ℓ) = {x ∈ Σ_{(+)} | x_{ℓ+j−1} = a_j , j = 1, . . . , k} .

Standard results from probability theory guarantee that this defines a Borel probability measure on Σ or Σ_+, and it is not difficult to verify that this measure is shift-invariant. To see that the one-sided shift is mixing (and thus ergodic), express observables φ, ψ ∈ L^2(dμ) as weighted sums of characteristic functions of cylinders (at ℓ = 0) of increasing length k, and use that ∫ χ_Z ∘ (σ_+)^nχ_Z′ dμ = μ(Z) μ(Z^′) ,

for two cylinders Z, Z^′ centered (at ℓ = 0), if n is larger than the sum of the lengths of Z and Z^′. The details are left to the reader.

The connection with physical measures is given by the semi-conjugacy π which lifts Lebesgue measure to the ergodic invariant measure μ.

By showing that the “transfer operator” L associated to this dynamical system has a “spectral gap” when acting on Lipschitz observables φ : Σ_+ → C for d_θ, one proves that correlation functions associated to (μ, σ_+) and Lipschitz observables on Σ_+ (and similarly for Σ) decay exponentially fast with rate at least θ. (For Hölder observables of exponents 0 < α < 1 the rate is θ^α.) See Sections 3 and 4.

3. A road atlas: results for deterministic maps

Here are the main examples of possible speeds of mixing (we concentrate on the rate of decay of correlations (1.7)) for discrete-time dynamical systems f : M → M posessing a mixing physical measure μ:

Speed # 1: Exponential.

If there is a Banach space B of functions or distributions on M and a “rate” 0 < τ < 1 so that for each φ, ψ ∈ B there is K(φ, ψ) > 0 so that for all n ∈ Z_+ (3.1) ρ_{φψ}(n) ≤ K(φ, ψ) τ^n , the correlation function is said to enjoy exponential decay. (It is then summable so that our “rule of thumb” condition for the CLT holds.) The constant K usually depends on φ, ψ through their norms, a typical example is K(φ, ψ) ≤ C ∫ |φ| dx ‖ψ‖_B, where C > 1 only depends on f.

Exponential decay of correlations holds for the physical measure(s) of: • Smooth uniformly expanding dynamics.

More precisely: assume that M is compact and connected, f : M → M is C^{1+ϵ} for some ϵ > 0 and that there are C > 0 and λ > 1 with ‖Df^nv‖ ≥ Cλ^n for all v ∈ T M. Then f possesses a unique (ergodic) absolutely continuous invariant measure μ, with a positive density with respect to Lebesgue. It is thus the unique physical measure, and also an SRB measure. This measure is mixing [KS]. The rate of mixing is exponential if the observables are at least Hölder (see, e.g., [Ru5] for a relatively recent reference). The result also holds for random compositions of smooth expanding maps [BKS].

DECAY OF CORRELATIONS 7

• One-dimensional piecewise smooth and piecewise (non)uniformly expanding dynamics.

More precisely, M = I is a compact interval, f : I → I is continuous and there is a finite partition of I into subintervals such that f restricted to each subinterval J is C^2 (or at least C^{1+ϵ}), and |f^′|_J | ≥ λ > 1. In this context, Lasota and Yorke [LaY] showed existence of an ergodic absolutely continuous invariant measure μ, which is thus a physical measure. Later Li and Yorke [LiY] studied the number of ergodic absolutely continuous invariant measures for such systems. Rychlik [Ry] studied the case when there are countably many (maximal) intervals of monotonicity. Using a transfer operator approach, Hofbauer and Keller [HoK] obtained exponential decay of correlations for (f, μ), and for observables φ, ψ in the Banach space BV of functions of bounded variation, if f is topologically mixing. Keller [Ke] later refined the spectral analysis. One can reduce to the topological mixing case by taking a suitable iterate of f, using important work of Hofbauer (see [Ho] and references therein), in particular a “tower extension” of the dynamics which inspired much later work. See Buzzi [Bu1] for a proof of exponential decay of correlations for an absolutely continuous quasi-invariant measure for random compositions of piecewise monotone transformations of the interval. We refer to Section 5 for other recent results and connections with dynamical zeta functions.

The uniform expansion assumption has been weakened to include, e.g., the logistic map f_a(x) = a − x^2 for a positive measure set of parameters a. For the full parabola a = 2 existence and mixing of an absolutely continuous measure are not difficult to obtain: 2−x^2 may be explicitly conjugated to a “tent map” of slopes ±2 (Ruelle [Ru2]), Misiurewicz extended this to logistic maps for which the postcritical orbit is bounded away from the critical point. Jakobson and Benedicks-Carleson showed that f_a admits an absolutely continuous invariant (physical) ergodic measure μ for a positive measure set of as (see, e.g., [dMvS]). Then, using a change of metric in a tower extension, Young [Yo1] and, independently, Keller and Nowicki [KeN] showed that if f is topologically mixing the correlation function of (f, μ) decays exponentially for observables of bounded variation. (Their results apply in fact to a larger class of nonuniformly expanding unimodal maps. See also Section 9 of [Yo2].) Exponential decay of correlations is stochastically stable [BV] for such nonuniformly hyperbolic unimodal maps.

Piecewise expanding maps in higher dimensions are discussed under the heading “expanding systems with singularities” below.

• Smooth uniformly hyperbolic dynamics.

More precisely, M is compact and f is a C^{1+ϵ} Anosov or Axiom A diffeomorphism. Existence of (finitely many) ergodic physical measures was obtained by Sinai (Anosov diffeomorphisms) and Ruelle (Axiom A attractors). If f is topologically mixing (one may reduce to this case via the Smale spectral decomposition) then (f, μ) is mixing and correlations decay exponentially fast for Hölder observables (see, e.g., [Bow], [Ru3]). Pollicott [Po1], Ruelle [Ru4] and Haydn [Ha1, Ha2] obtained important results relating the correlation function and the zeta function. The first proofs used Markov partitions and symbolic dynamics to reduce to a transfer operator defined from a subshift of finite type and a Hölder weight. Different proofs using Birkhoff cones [Li1], [V2], or the usual spectral gap approach but on towers with recurrence estimates [Yo2], were recently carried out.

8 VIVIANE BALADI

• Some smooth nonuniformly hyperbolic dynamical systems.

The Hénon family is a two-parameter family H_{a,b} of diffeomorphisms which is in some sense a two-dimensional version of the unimodal family f_a. Benedicks and Young [BeY3] recently showed that, for a positive measure set of parameters a, b, the physical measure μ that they had previously exhibited [BeY2] for H_{a,b} enjoyed exponential decay of correlations for Hölder observables. (Using Young’s tower construction [Yo2].) A recent work of Wang and Young [WY] extends this analysis to an axiomatic class of nonuniformly hyperbolic surface attractors.

• Some partially hyperbolic maps.

Some partially hyperbolic maps (such as time-one maps of hyperbolic geodesic flows or certain skew product constructions) naturally preserve volume, so that the physical measure is given a priori. (See under polynomial mixing for Dolgopyat’s [Do5] rapid mixing results for some compact group extensions.) In more abstract, non necessarily volume-preserving situations, Bonatti-Viana [BoV] (assuming that the central direction is “mostly contracting”) and more recently Alves-Bonatti- Viana [ABV] (if the central direction is “mostly expanding”) recently showed that there are finitely many physical measures the union of the ergodic basins of which has full measure (building on previous work by Pesin and Sinai [PeS]). In the mostly contracting (topologically mixing) case, using methods in [Yo2], Castro [Cas] (under additional technical assumptions) and Dolgopyat [Do4] (under natural additional assumptions) showed that such physical measures enjoy exponential decay of correlations for Hölder observables. (Castro introduced a combinatorical variant of Young’s tower construction.)

• Some expanding/hyperbolic systems with “singularities.”

This class extends piecewise monotone interval maps to higher dimensions. Such dynamical systems appear naturally, e.g., when one considers billiards flows (which preserve volume by construction). In dimension two, Buzzi [Bu2] and Tsujii [Tsu1] independently proved that piecewise expanding and analytic maps admit an absolutely continuous invariant probability measure. An example of Tsujii ([Tsu2], see also [Bu3]) demonstrates that assuming only piecewise expansion and arbitrary high (but finite) differentiability is not sufficient to garantee existence of (a finite number of) such invariant measures. Exponential decay of correlations for a large class of piecewise smooth hyperbolic area-preserving systems was shown by Liverani [Li1]. Existence of a physical measure and exponential decay of its correlations was obtained for certain piecewise expanding or hyperbolic maps in higher dimensions by Young [Yo2] and then Chernov [Ch3], and for the Poincaré maps of certain billiards by Young [Yo2], Chernov [Ch4]. For recent work regarding weak sufficient conditions to obtain an absolutely continuous invariant measure for higher-dimensional piecewise expanding dynamical systems we mention Saussol [Sau]. See also Cowieson’s generic transversality condition [Co]. Recently, Buzzi and Maume [BM] obtained weak sufficient conditions for exponential decay of the corresponding correlations.

Sometimes lower bounds ρ_{φψ}(n) ≥ K^′τ^n for the decay of correlations can be obtained by exhibiting eigenvalues of modulus τ with eigenfunctions in B for a suitable transfer operator. Then, mixing is “truly exponential.”

DECAY OF CORRELATIONS 9

Speed # 2: Stretched exponential.

If there is a Banach space B of functions or distributions on M, a “rate” 0 < τ < 1 and an “exponent” 0 < ξ < 1 so that for each φ, ψ ∈ B there is K(φ, ψ) > 0 so that for all n ∈ Z_+ (3.2) ρ_{φψ}(n) ≤ K(φ, ψ) τ^{nξ} , the correlation function is said to enjoy stretched exponential decay. (It is then always summable so that the “rule of thumb” for the TCL is satisfied.) To the author’s knowledge there are few concrete examples of systems with “true” stretched exponential decay of correlations (with lower bounds). Early estimates (by Bunimovich–Sinai–Chernov) for the decay of correlation of Poincaré maps of billiards gave stretched exponential upper bounds (Liouville volume is ergodic and invariant and thus a physical measure), but the more recent results [Yo2], [Ch4] mentioned above yield exponential asymptotics. Another example is given by the decay of correlation of certain hyperbolic flows: the stretched exponential bounds for correlations of Anosov flows obtained by Chernov [Ch2] and Liverani [Li3] were subsumed by the exponential estimates of Dolgopyat [Do1] when the dynamical foliations are C^1. (Note, however, that in the more generic case of Lipschitz foliations the stretched exponential bounds of Chernov [Ch2] are stronger than the rapid decay obtained by Dolgopyat [Do2, Do3]. Also, Liverani’s results [Li3] apply to Hölder foliation, giving polynomial bounds.)

Stretched exponential upper bounds have recently been obtained for some random nonuniformly hyperbolic systems (Baladi-Benedicks-Maume [BBM], lower bounds are not available), and may be conjectured for the systems studied by Viana [V2] and Alves [A].

In Young’s symbolic tower model, for systems with stretched exponential return asymptotics [Yo3] the rates of decay of correlations and the speed of approach to equilibrium are truly stretched exponential (see Theorem 4.2(3) below).

Speed # 3: Polynomial.

If there is a Banach space B of functions or distributions on M and an “exponent” γ > 0 so that for each φ, ψ ∈ B there is K(φ, ψ) > 0 so that for all n ∈ Z_+ (3.3) ρ_{φψ}(n) ≤ K(φ, ψ) 1 n^γ , the correlation function is said to enjoy polynomial decay of correlations. The correlation function is summable if γ > 1.

Polynomial decay of correlations has been proved for some “parabolic” or “intermittent” systems having an absolutely continuous invariant probability measure. They include (mixing) one-dimensional maps expanding everywhere except at a fixed point at the origin where the map has local expansion f(x) ∼ x + Cx^{1+δ} , and 0 < δ < 1. Then, γ = 1 − 1/δ, so that the CLT holds if 0 < δ < 1/2 (we refer to Hu [Hu], who also obtained lower bounds, and Young [Yo3], as well as Isola [Is1, Is2] for strong results on a piecewise linear model). See also Liverani–Saussol–Vaienti [LSV2] for earlier estimates using a different approach. Hu has recently suggested the terminology almost hyperbolic for a class of dynamical systems including this model. Higher dimensional dynamical systems with neutral periodic orbits appear in connection with continued fraction algorithms from number theory. (There is

10 VIVIANE BALADI

in particular work of Yuri [Yu1, Yu2] regarding the existence of ergodic absolutely continuous measures and speed of approach to equilibrium.) We also mention a paper by Aaronson-Denker-Urbański [ADU]. Sometimes the presence of a nonhyperbolic periodic orbit is an obstruction to the existence of a good finite physical measure (see the two-dimensional example of Hu and Young [HuY]). Fayad [F] has very recently obtained polynomial rates of mixing for the a.c.i.m. of a class of smooth flows of the two-torus.

Dolgopyat [Do5] obtained rapid mixing (i.e., polynomial of arbitrary exponent) for C^∞ test functions and a class of Diophantine compact group extensions (here SRB is just volume), using asociated Brin groups.

In a recent paper, using the coupling technique on towers from [Yo3], Bruin, Luzzatto and van Strien [BLS] exhibit various possible rates of mixing (exponential to polynomial) within the quadratic family.

Other equilibrium states:

The physical measure is not the only invariant measure of natural interest. Other Gibbs states and equilibrium states (for Hölder and non Hölder weights) have been studied, together with their rates of mixing. We mention a few references into the vast literature dealing with thermodynamic formalism: Bowen [Bow], Ruelle [Ru5], Hofbauer-Keller [HK], Keller-Nowicki [KN], Maume [Mau1, Mau2], Mayer [Ma1], Liverani-Saussol-Vaienti [LSV1]. See also [Bal]. We shall not discuss this (interesting) problem further in these notes.

4. Choosing a vehicle and a highway:

Two models and three approaches to study speed of mixing

Three different approaches have been applied successfully to estimate the rate of decay of correlation and the speed of approach to equilibrium. We shall describe them briefly, pointing out relations with dynamical zeta functions when relevant and giving a few references. Some of these methods (in particular cone methods) may be implemented on the dynamical system under study directly. Others require to construct first a “model” for the dynamics f : M → M, usually in the form of an extension map F : Δ → Δ with a semi-conjugacy π : Δ → M^′ with M^′ ⊂ M, such that f ∘ π = π ∘ F . Such a model should embody the main features of the system, and the projection (although neither necessarily surjective nor injective) should be such that not too much information is lost. Before picking a highway, we need to discuss cars types: Let us thus describe two such models: a very classical one (symbolic Markov dynamics) and a more recent and perhaps more flexible one (Markov towers with asymptotics of recurrence times).

4.A Two models: Symbolic dynamics and Towers with return times. Model # 1: Symbolic dynamics (SFT).

Uniformly expanding or uniformly hyperbolic dynamical systems (such as Axiom A diffeomorphisms f : M → M restricted to an attracting transitive basic set) admit finite Markov partitions. This enables construction of a semi-conjugacy π : Σ_A → M with a subshift of finite type (SFT): the restriction of the full shift σ on N symbols to a compact invariant subset Σ_A ⊂ Σ defined by a transition matrix A. It is known [Bow] that the unique “equilibrium state” of log | det Df|_Eu | (where E^u denotes as usual the unstable bundle) is the physical measure of a transitive Axiom A diffeomorphisms.

DECAY OF CORRELATIONS 11

Lifting the function log | det Df|_Eu | to Σ_A, one gets a Lipschitz function (if θ is chosen in an appropriate way). Therefore, it suffices to understand equilibrium states of Lipschitz functions for a subshift of finite type. We refer, e.g., to the books of Bowen [Bow], Ruelle [Ru3], or Parry and Pollicott [PaPo]. Generalisations of this model consist in considering countably many symbols ([Br], [Mau2], [Sar]) or weakening ([Mau1], [Po2]) the Hölder/Lipschitz assumption.

Model # 2: Markov towers with recurrence time asymptotics.

The use of towers with return times to the basis is not new in dynamics (especially continuous-time dynamics): The grandfather of such constructions in ergodic theory is probably due to Rokhlin. More recently, Hofbauer [Ho] constructed Markov tower extensions of discrete-time interval maps. They were used, e.g., by Hofbauer-Keller [HoKe] and Keller–Nowicki [KN] to study the statistical properties of interval maps. Other tower constructions are due to Young [Yo1] and Baladi- Viana [BV]. We describe here Young’s [Yo2, Yo3] recent axiomatised version :

Let (Δ_0, B, m) be a probability space, which will be the “basis” of our tower. (The reader can imagine that Δ_0 is a topological space and B the Borel σ-algebra, but this is not necessary.) We view m as our reference measure, in applications it is often Lebesgue measure or a measure induced by Lebesgue. Assume we are given a countable partition Δ_0 = ∪_{i∈Z}Δ_{0,i}, modulo m, together with a positive integer-valued function R (the return-time), defined m-almost everywhere on Δ_0 and constant on each Δ_{0,i}. The tower is obtained by layering R|_{Δ0,i} copies of Δ_{0,i} above itself:

(4.1) Δ = {(x, ℓ) ∈ Δ_0 × Z_+ , ℓ + 1 ≤ R(x)} .

Set Δ_{ℓ,i} for the subsets of Δ_ℓ = {x ∈ Δ_0 | R(x) ≥ ℓ} induced by the partition Δ_{0,i}, and call Z the resulting partition of Δ. (We sometimes abuse slightly notation, writing Δ = ∪_{ℓ≥0}Δ_ℓ.)

The tower dynamics F : Δ → Δ takes the following form:

(4.2) F (x, ℓ) = { (x, ℓ + 1) ℓ + 1 < R(x), (y(x), 0) ℓ + 1 = R(x) ,

where the map x → y(x) is such that the restriction of (x, 0) → F^{R(x)}(x, 0) to Δ_{0,i} is a bijection Δ_{0,i} → Δ_0, for all i.

In view of defining a “dynamical distance,” introduce a separation time s : Δ × Δ → Z_+ ∪ {∞} by setting

(4.3) s(x, y) = min{n ≥ 0 | F^n(x) and F^n(y) lie in distinct elements of Z} .

The definition implies in particular that if (x, ℓ) and (y, ℓ) are both in some Δ_{ℓ,j} , then s((x, 0), (y, 0)) ≥ ℓ and for any (x, 0), (y, 0) ∈ Δ_{0,j} × {0}

(4.4) s((x, 0), (y, 0)) = R(x) + s(F^{R(x)}(x, 0), F^{R(x)}(y, 0)) .

The two main assumptions on this abstract model are:

• Bounded distortion: For each Δ_{0,i}, the map F^R|_{Δ0,i} and its inverse are nonsingular with respect to the measure m so that the Jacobian JF^R exists (and almost never vanishes). There are C > 0 and 0 < β < 1 so that for all i and each x, y ∈ Δ_{0,i}

(4.5) | | | | JF^R(x) JF^R(y) − 1 | | | | ≤ Cβ^{s(F} R (x),F^R(y))

12 VIVIANE BALADI

• Integrability of return times: ∫ Δ_0 R(x)dm(x) < ∞. Consider the “dynamical Lipschitz” function space on Δ: (4.6) F_β(Δ) = {φ : Δ → C | ∃C_φ , |φ(x) − φ(y)| ≤ C_φβ^{s(x,y)} , ∀x, y ∈ Δ} . Young [Yo2], [Yo3] showed that these assumptions are enough to guarantee the existence of an F -invariant measure ν absolutely continuous with respect to m on Δ. The density of this measure belongs to F_β (see Theorem 4.2 (1) below). The interest of this method lies in its rather broad applicability to actual dynamical systems f : M → M possessing “some” hyperbolicity. The difficulty there is to find a subset Λ ⊂ M and a return-time function R so that f^R has good properties on Λ, in order to construct a semi-conjugacy π : Δ → ∪_{ℓ≥0}f^RΛ between f and F , showing that F satisfies the desired axioms. (The semi-conjugacy map is neither surjective nor injective in general.) Then, if the return-times satisfy exponential asymptotic bounds (see Theorem 4.2 (4)) the transfer operator associated to F has a spectral gap on a suitable space [Yo2], and one may show exponential decay of correlations for (F, ν) and observables in (a modified version of) F_β. The physical measure μ may be defined by projecting ν, and the result on correlations carries over to Lipschitz observables (Lipschitz functions are lifted to F_β). See Theorem 4.2(5) (6) for the nonexponential case. Note that there are slight technical differences between the definitions of the tower models in [Yo2] and [Yo3].

4.B Three methods to estimate speeds of mixing. Method # 1: Spectrum of transfer operator. Spectral gap (spectral approach).

The spectrum of the Ruelle transfer operator L_g , associated to a subshift of finite type and a Hölder or Lipschitz weight g, and acting on the Banach space of Lipschitz functions for a metric d_θ are discussed in the notes of M. Pollicott on Zeta functions, where its relationship with the zeta function

ζ(g, z) = exp ∑ n≥1 z^n n ∑ x∈Fixf^n n−1∏ k=0 g(f^k(x))

was presented. Let us sketch here how a spectral gap for a transfer operator is related to exponential decay of correlations, in the simplest possible case: smooth expanding dynamics on the circle S^1. Let then f : S^1 → S^1 be C^r for some r ≥ 2, and assume that f is uniformly expanding in the sense that there is C > 0 and λ > 1 so that |(f^n)^′| ≥ Cλ^n for all n ∈ Z_+ (an example is given by considering a small C^r perturbation of the angle-doubling map from Section 2). The transfer operator L, associated to f and the weight g = 1/|f^′|, acting on the Banach space B of C^s functions on M (with 0 ≤ s ≤ r−1, with fractal exponents denoting Hölder continuity) φ by

(4.7) Lφ(x) = ∑ f y=x φ(y)g(y) = ∑ f y=x φ(y) |f^′(y)| , is appropriate to study absolutely continuous invariant measures for f. Indeed, its dual L^∗ acting on B^∗ by Lν(φ) = ν(Lφ) for φ ∈ B preserves Lebesgue measure dx: ∫ Lφ dx = ∫ φ dx .

DECAY OF CORRELATIONS 13

(By the change of variable formula, the above equality holds in fact for all φ ∈ L^1(dx), since |f^′| is the Jacobian of f with respect to Lebesgue measure.)

It can be shown (by arguments similar to those used to prove the Ruelle operator theorem in the notes of M. Pollicott on Zeta functions) that the spectral radius of L is equal to 1 and that its essential spectral radius is not larger than λ^{−s}. (This fact also holds for s = 0. In this case each point in the open disc of radius 1 is an eigenvalue of infinite multiplicity! Hence, the Banach space of continuous functions and a fortiori L^1(dx) or L^2(dx) are “too big”). See Section 5 for a proof of an analogous result. We just mention that the basic ingredient for the bound for the essential spectral radius in the case s = 1 is the “Lasota-Yorke” [LaY] inequality: there is C > 0 so that for all C^1 functions φ and all n ∈ Z^+

(4.8) sup_M | | | | d dx (L^nφ)(x) | | | | ≤ Cλ^{−n} sup_M | | | | d dx φ(x) | | | | + C sup_M |φ(x)| . The above estimate may be proved by using the Leibniz formula (derivation of a product), chain rule (derivation of a composition). The fact that the inverse branches of f^n contract by a factor at least λ^{−n} obviously enters the computation. (In other words: composing a C^1 function φ with a C^1 contraction improves the smoothness of φ in the sense that it decreases the C^1 norm.)

Assume from now on that s > 0. Since the spectrum of a bounded linear operator and its dual coincide outside of the disc of essential spectral radius, L has a fixed point φ_0 ∈ B. In fact, using positivity of L and generalising the finitedimensional Perron-Frobenius theorem (see, e.g., [Wal]), one shows that φ_0 is a positive function, which can be normalised to ensure ∫ φ_0 dx = 1. Easy algebra then shows that the absolutely continuous probability measure μ = φ_0 dx is finvariant: ∫ φ ∘ fφ_0 dx = ∫ L(φ ∘ fφ_0) dx = ∫ φ(Lφ_0) dx = ∫ φ dμ . The eigenvalues of L on the unit circle consist in a finite set of roots of unity, they are simple because smooth expanding circle maps are topologically transitive. Using that smooth expanding circle maps are in fact topologically mixing, one shows that the eigenvalue 1 is simple and is the only eigenvalue of modulus 1 of L acting on C^s(S^1) if s > 0. In other words, we have the following spectral decomposition:

(4.9) Lφ = φ_0 ∫ φ dx + Rφ , where R is a bounded operator of spectral radius τ < 1 on C^s(S^1). (Either τ corresponds to the modulus of an eigenfunction of L or it is just the essential spectral radius.) Thus, since L^n(φ ∘ f^nψ) = φL^nψ, for φ, ψ ∈ C^s, | ∫ φ ∘ f^nψ dx − ∫ φ dμ ∫ ψ dx| = | ∫ φ(L^nψ − φ_0 ∫ ψdx)dx| ≤ sup |R^nψ| ∫ |φ| dx which proves exponential decay of correlations (for any rate > τ) since sup |φ| ≤ ‖φ‖ for the Banach space B = C^s(S^1).

14 VIVIANE BALADI

Beyond first gap: zeta function (spectral approach).

A more careful spectral decomposition than (4.9), writing out explicitly a sum over eigenvalues of modulus larger than λ^{−s} + ϵ for small ϵ, is the starting point to see that the Fourier transform ^ρ(ω) = ∑ n∈Z e^{inω}ρ_{φψ}(n) of the correlation function associated to φ, ψ ∈ B (setting ρ_{φψ}(n) = ρ_{ψφ}(−n) for negative n) is meromorphic in the strip ℑ(ω) < log λ^s, where its poles (the Ruelle resonances) may only be located at ω with exp(iω) or exp(−iω) an eigenvalue of L. Also, these eigenvalues of L on C^s(S^1) are described (including multiplicity) by the poles of the zeta function ζ_g (z) for g = 1/|f^′| (which is known to be meromorphic in the disc of radius λ [Ru5])

Further spectrum: Fredholm determinants (spectral approach).

Let us see what more can be said if f and g are of higher smoothness. In the case of analytic expanding maps on S^1, the transfer operator L acting on the Banach space of holomorphic bounded functions in a small annulus obtained by “thickening” the unit circle is a compact operator (in particular its essential spectral radius vanishes). This can be shown by using Montel’s theorem and is due to the fact that composing a holomorphic function with a holomorphic contraction extends the domain of holomorphy (“improves analyticity”). In fact, as observed by Ruelle [Ru1] in the seventies, L is in this case a nuclear operator in the sense of Grothendieck [Gr1, Gr2]. This also holds for analytic Anosov diffeomorphisms with analytic invariant foliations (unfortunately a very strong assumption): see Ruelle [Ru1], Fried [Fr1], and Mayer’s extensive study of the thermodynamic formalism of the Gauss map x → {1/x} [Ma1] (and references therein). We especially recommend Mayer’s very clear survey [Ma2]. Nuclear operators generalise classical Fredholm operators such as

(4.10) K : φ →

∫_1 0 K(·, y)φ(y) dy , K(x, y) continuous on [0, 1] × [0, 1] ,

acting on C^0([0, 1]). In particular, nuclear operators possess a trace tr K which has many of the features of the trace (i.e., sum of eigenvalues) of a finite matrix. The most important of these features is perhaps the fact that the power series

(4.11) exp − ∞∑ n=1 z^n n tr K^n

is an entire function, called the Fredholm determinant of the operator K, the zeroes of which are exactly the inverse of the eigenvalues of K. (Clearly, this generalises the formula det(I − zA) = exp − ∑_∞ n=1 z^n n tr A^n from linear algebra, for a finite matrix A.) In the case of the Fredholm operator K from (4.10), the trace is just given by the, intuitively obvious, “sum along the diagonal” ∫ K(x, x) dx. In the case of dynamically defined transfer operators (4.7) associated to analytic expanding dynamics f and analytic weights g (e.g., 1/|f^′|, the modulus being dealt with by a suitable argument), the trace can be computed by using Cauchy integrals: ∑ x∈Fix f g(x) 1 − (f^{−n}_x )^′(x) = ∑ x∈Fix f 1 det(Df^n_x (x) − Id) ,

DECAY OF CORRELATIONS 15

where the inverse branch f^{−n}_x is uniquely defined by the periodic orbit of x.

The expression in the denominator morally comes from the Jacobian of the change of variable associated to the map Id − f^{−1} arising from the operator with singular kernel: Lφ(x) = ∫ φ(y)δ(f(y) − x)g(y)|f^′(y)| dy = ∫ φ(y)δ(f(y) − x)g(y)|detDf(y)| dy , where δ is the Dirac delta.

Therefore, the Fredholm determinant whose zeroes describe the spectrum of L_g acting on holomorphic functions for g = 1/|detDf| (i.e., the correlation spectrum of the physical measure of the expanding analytic map f) is just

(4.12) exp − ∞∑ n=1 z^n n ∑ x∈ Fix f^n 1 |detDf^n(x)| 1 det(Id − Df^{−n}x (x))

= exp − ∞∑ n=1 z^n n ∑ x∈ Fix f^n 1 det(Df^n(x) − Id) . The denominator det(Id − Df^{−n}_x (x)), which is present here but not in the zeta function ζ_g (x), improves the convergence of the series and extends the domain in which its zeroes describe the inverse eigenvalues of L. (The reader is invited to compute both the zeta function and the dynamical determinant of the angle doubling map for the weight g = 1/2.) See [Ru1], [Fr1].

Although the transfer operators (4.7) associated to finitely differentiable expanding maps and/or weights (say, C^r for r ≥ 1, and assuming that the spectral radius is 1 for simplicity) are not compact, expressions of the type (4.12) have been shown to decribe their inverse spectrum in the disc of radius λ^r (Ruelle [Ru5, Ru6]), a larger radius than the value λ corresponding to the domain of “visibility” (meromorphy) of the zeta function.

Two-sided or hyperbolic dynamics (spectral approach).

The situation of two-sided shifts (or hyperbolic maps as opposed to expanding maps) is more delicate. Indeed, coexistence of contracting and expanding directions means that the transfer operator does not improve regularity of smooth functions. We first discuss the “historical” approach. It has been used in statistical mechanics, see Bowen’s book [Bow], but also very recently in the axiomatic framework of Young [Yo2], e.g., for good Hénon maps [BeY3]. It consists in reducing to the one-sided dynamics by expressing the measure μ̂ under study as the natural extension of a one-sided measure μ (see below). The idea is thus to “quotient out” the stable directions and some information (“half of the smoothness”) is lost in the process. On must also approximate a “two-sided” function (depending on both past and future) by sums of “one-sided” functions. Let us describe this in detail for an equilibrium measure μ̂ of a two-sided subshift of finite type σ : Σ_A → Σ_A and a positive Lipschitz weight ĝ. Let C_θ and C^+_θ be the Banach spaces of Lipschitz functions for d_θ on the two-sided and one-sided shift spaces Σ_A, Σ^+_A, writing | · |_θ for the Lipschitz constant and ‖·‖_θ = max(|·|_θ , sup |·|) for the norm. For φ, ψ ∈ C_θ, assuming that ∫ Σ_A ψ dμ̂ = 0, we wish to analyse ρ_{φψ}(n) = ∫ φ ∘ σ^n ψ dμ̂ .

16 VIVIANE BALADI

and the formal Fourier transform ^ρ_{φψ}(ω).

Our starting point is the fact that for each ϕ ∈ C_θ, there is a sequence of functions ϕ_n ∈ C^+_θ , n ≥ 0 such that ϕ_n is constant on n-cylinders at 0, sup_Σ+_A |ϕ_n| ≤ θ^n‖ϕ‖_θ (hence, |ϕ_n|_θ ≤ 2‖ϕ‖_θ) for all n ≥ 0, and with

(4.14) ϕ = ∞∑ n=0 ϕ_n ∘ Π ∘ σ^{−n} ,

where Π : Σ_A → Σ^+_A is the map which simply “forgets” x_i for i < 0. We may in fact construct the sequence ϕ_n explicitly: For each 1 ≤ j ≤ N, fix a^{(j)} ∈ Σ_A with (a^{(j)})_0 = j, and define a function r : Σ_A → Σ_A by setting

(4.15) r(x)_k = { x_k if k ≥ 0 (a^{(x0)})_k if k ≤ 0 .

Abusing notation, the function r can be viewed as r : Σ^+_A → Σ_A with Π ∘ r = Id. Then, we may take ϕ_0 = ϕ ∘ r, and for each n ≥ 1, inductively define,

(4.16) ϕ_n = (ϕ − n−1∑ k=0 ϕ_k ∘ Π ∘ σ^{−k}) ∘ σ^n ∘ r .

We finally associate a formal power series to ϕ ∈ C_θ:

(4.17) ϕ̃(z) = ∞∑ n=0 z^nϕ_n .

It is not difficult to see that ϕ̃(z) is an analytic C^+_θ -valued functions for |z| < 1, and is an analytic function with values in the space of bounded functions for |z| < θ^{−1}. (See [DS, Definition VI.10.5] for the concept of analytic functions from C to an arbitrary Banach space.)

Now, it is known that there is h ∈ C^√_θ with ĝ = g + h − h ∘ σ where g only depends on the future and can thus be viewed as an element of C^{+√}_θ. (Note that one loses “one-half” of the differentiability: a Lipschitz function for d^√_θ is 1/2-Hölder for d_θ.) Also, the one-sided shift invariant equilibrium state μ for g admits μ̂ as natural extension (see, e.g., [Bow]). The transfer operator L_g associated to σ^+ and g acts on C^{+√}_θ, with maximal eigenvalue e^P > 0 and essential spectral radius < √ θe^P , and μ = φ_0 ν_0 with L_g φ_0 = e^P φ_0 and L^∗_g ν_0 = e^P ν_0. There is a normalised operator L̃ which satisfies L̃^∗μ = μ, L̃1 = 1, and which has the same spectrum as e^{−P} L_g . (See, e.g., [PaPo].)

Finally, we get the following sequence of equalities between power series:

ρ̂_{φψ}(ω) = ∞∑ k=−∞ e^{kiω} ∫ Σ_A (φ ∘ σ^{−k}) ψ dμ̂

= ∞∑ k=−∞ ∞∑ m,n=0 e^{kiω} ∫ Σ_A (φ_m ∘ Π ∘ σ^{−k−m})(ψ_n ∘ Π ∘ σ^{−n}) dμ̂

DECAY OF CORRELATIONS 17 = ∞∑ m,n=0 e^{(n−m)iω} [ ∑ k≤n−m e^{(k+m−n)iω} ∫ Σ^+_A (φ_m ∘ (σ^+)^{n−m−k}) ψ_n dμ

+ ∑ k≥n−m e^{(k+m−n)iω} ∫ Σ^+_A φ_m(ψ_n ∘ (σ^+)^{k+m−n}) dμ − ∫ Σ^+_A φ_m ψ_n dμ ]

= ∞∑ ℓ=0 e^{−ℓiω} ∫ (φ̃(e^{−iω}) ∘ (σ^+)^ℓ)ψ̃(e^{iω} ) dμ

+ ∞∑ ℓ=0 e^{ℓiω} ∫ φ̃(e^{−iω} )(ψ̃(e^{iω} ) ∘ (σ^+)^ℓ) dμ − ∫ φ̃(e^{−iω} )ψ̃(e^{iω} ) dμ

= ∞∑ ℓ=0 e^{−ℓiω} ∫ φ̃(e^{−iω} )L̃^ℓ(ψ̃(e^{iω})) dμ

+ ∞∑ ℓ=0 e^{ℓiω} ∫ ψ̃(e^{iω})L̃^ℓφ̃(e^{−iω} ) dμ − ∫ φ̃(e^{−iω}) ψ̃(e^{iω} ) dμ = ∫ φ̃(e^{−iω})(1 − e^{−iω}L̃)^{−1}ψ̃(e^{iω}) dμ

+ ∫ ψ̃(e^{iω} )(1 − e^{iω}L̃)^{−1}φ̃(e^{−iω}) dμ − ∫ φ̃(e^{−iω}) ψ̃(e^{iω}) dμ . (4.18)

The spectral properties of L_g : C^{+√}_θ → C^{+√}_θ, together with the mentioned analyticity properties of the maps z → φ̃(z), ψ̃(z), imply that the right-hand side of (4.18) is an analytic function of ω in the strip |ℑω| < log(τ^{−1}) (τ as after (4.9)) which admits a meromorphic extension to the strip |ℑω| < log( √ θ^{−1}). (For explicit formulas of the corresponding residues as well as an analysis of the order of the pole, see [Ru4], and also [Ha1].)

The above computations can be applied directly via symbolic dynamics and Markov partitions to show exponential decay for the physical measure (or other equilibrium measures) of Axiom A attractors ([Bow], [Po1], [Ru4]). We already proved that the corresponding ideas (quotienting out stable directions and approaching two sided functions by sums of one-sided functions) have been adapted by Young [Yo2] to towers with asymptotics of return times, in particular to prove exponential mixing for good Hénon maps [BeY3].

Another more modern approach to attack the two-sided or hyperbolic situation was initiated in the early nineties by Rugh [Rug1, Rug2] for analytic Axiom A diffeomorphisms (without assuming smoothness of the invariant foliations) and analytic weights. One of the main ideas was to introduce a Banach space of functions analytic in the unstable directions and “dual of analytic” in the stable directions. (In an analytic framework one can morally think of Laurent series.) The transfer operator associated to the full hyperbolic dynamics (without quotienting out stable directions) then has good spectral properties on this Banach space, it is even nuclear in the sense of Grothendieck. One thus obtains Fredholm determinants which are entire functions in this framework. The method was then extended further by Fried [Fr3].

18 VIVIANE BALADI

Assuming only finite differentiability (here, partitions of unity are available), Kitaev [Kit] obtained a large radius of convergence (of the order of λ^{r/2}) for the dynamical determinant of C^r hyperbolic diffeomorphisms with C^r weights g. Fried has very recently (June 1999, IHES talk) announced a spectral interpretation of the zeroes of the corresponding Fredholm determinant. Beyond uniform expansion (spectral approach).

In the list in Section 3 we mentioned that exponential decay holds for some nonuniformly expanding dynamical systems. The spectral approach has also been implemented there, by first constructing a tower model for the map. (Young [Yo1, Yo2], Benedicks-Young [BeY3], Keller-Nowicki [KN]). We refer to Section 5 for a decription of a form of regularisation, the kneading approach (Baladi-Ruelle [BR1, BR2]) inspired by Milnor-Thurston [MT].

Method # 2: Projective (Hilbert) metrics on Birkhoff cones.

One way to prove the finite-dimensional Perron-Frobenius theorem is by using the fact that any n×n matrix A with strictly positive coefficients maps the positive “quadrant” in R^n strictly into itself. Representing half-lines in the quadrant by their intersection with the simplex ∑ x_i = 1, it is convenient to use the projective metric on the quadrant given by the cross ratio on the line joining x and y. One then proves that this projective metric is strictly decreased by the action of A (see, e.g., [Fur, § 15]). There exists an infinite dimensional version of this theory, where the positive quadrant is replaced by a convex cone Λ in a topological vector space (for example a space of functions or distributions), and A is replaced by a linear operator mapping Λ into itself. The cones are called Birkhoff cones in honor of Garrett Birkhoff (the main original reference by Birkhoff is [Bir], see also [Li1] for a reader-friendly exposition). These techniques were introduced into dynamical systems in particular by Ferrero-Schmitt in their pioneering paper [FS]. They were more recently used by Liverani [Li1] to prove exponential rates of mixing of some expanding and hyperbolic dynamical systems. This approach was generalised by Viana and is very well presented in his book [V2]. Castro [Cas] defined cones (in a tower setting) for some partially hyperbolic systems. In all these cases, a function cone is exhibited which is mapped strictly into itself with “finite diameter,” allowing to prove simultaneously existence (and uniqueness) of the physical measure and exponential approach to equilibrium. Much more recently, Maume was able to use cone techniques to obtain other speeds of mixing (slower than exponential): first in a symbolic framework [Mau2] (with countably many symbols) and then in the axiomatic setting of towers with return times described in Section 4.A [Mau3]. In this recent work, the function cone is not mapped strictly into itself after a single iteration.

As there is no (apparent) direct relation between the invariant cone approach and zeta functions, we shall only give a very brief introduction to the main notions here, referring the interested reader to [Li1] or [V2].

Definition (Cones and partial order). Let B be a Banach space with the topology induced by its norm. A subset Λ ⊂ B \ {0} is called a cone if λφ ∈ Λ for all φ ∈ Λ and all λ ∈ R^∗_+ . The cone Λ is said to be convex if φ+ψ ∈ Λ whenever both φ and ψ are in Λ. Any convex cone Λ defines a partial ordering compatible with the vector space structure ⪯ on B by setting φ ⪯ ψ ⇔ ψ − φ ∈ Λ ∪ {0} .

DECAY OF CORRELATIONS 19

Definition(Hilbert pseudo-metric Θ_Λ). For φ, ψ in a cone Λ, set α(φ, ψ) = sup{λ ∈ R_+ | λφ ⪯ ψ} , β(φ, ψ) = inf{λ ∈ R_+ | ψ ⪯ λφ} , (putting α = 0 and β = ∞ when the corresponding sets are empty). Then let

Θ_Λ(φ, ψ) = log β(φ, ψ) α(φ, ψ) .

The Hilbert pseudo-metric Θ_Λ induces a distance on the quotient Λ/ ∼ where φ ∼ ψ if ψ = λφ for some λ ∈ R^∗_+ .

The key result is the fact that any linear operator L mapping a convex cone Λ inside itself does not increase the Hilbert pseudo-distance, with a strict contraction property whenever the Θ_Λ-diameter of LΛ is finite (write diam_{ΘΛ} (A) = sup_{φ,ψ∈A} Θ_Λ(φ, ψ)):

Theorem 4.1 (Birkhoff’s inequality). Let Λ be a convex cone in a Banach space B. If L : B → B is a linear operator such that L(Λ) ⊂ Λ, then for each φ, ψ ∈ Λ we have

Θ_Λ(Lφ, Lψ) ≤ tanh ( diam_{ΘΛ} (LΛ) 4 ) · Θ_Λ(φ, ψ) .

For example, to prove exponential mixing for C^2 expanding maps (see Speed #1 in Section 3), one may use a one-parameter family of Lipschitz cones Λ_L, indexed by L > 0:

Λ_L = {φ ∈ C^0(M) | φ(x) > 0 , φ(x) φ(y) ≤ e^{Ld(x,y)} , ∀x, y ∈ M} . As mentioned above, in the hyperbolic case, more interesting cones were introduced by Liverani [Li1] and generalised by Viana [V2]. We refer to these sources for more, in particular discussions on how the pseudo-metric may be compared to the L^1 distance or some other metric on the function space.

Method # 3: Probabilistic coupling.

“Coupling” is a technique from probability theory [Lind] which is useful to compare sequences of probability measures in particular to estimate at which speed the distance between them decreases. This approach has been introduced into dynamical systems by Young [Yo3]. More precisely, she was able to apply it to the tower model with recurrence asymptotics described in Section 4.A. (See Bressaud- Fernandez-Galves [BFG], Bruin-Luzzatto-van Strien [BLS], and Baladi-Benedicks- Maume [BBM] for recent applications.) As there is no (apparent) direct relation between the invariant cone approach and zeta functions, we shall only state the main result in [Yo3] here.

Consider the tower model F : Δ → Δ with return time R and the function space F_β from (4.6). Let F^+_β denote those elements of F_β whose restriction to each Δ_{ℓ,j} is either strictly positive or identically zero (see [Yo3] for a formal definition). Denote by |ρ| the total mass of a signed measure ρ on Δ. (If ρ is absolutely continuous

20 VIVIANE BALADI

with respect to m then |ρ| = ∫ |^{dρ}_{dm} | dm.) Finally, define (m almost everywhere) ^R : Δ → Z_+ by setting ^R(x, ℓ) = R(x) − ℓ. Note that m({x ∈ Δ | ^R(x) > n}) = ∑ ℓ>n m(Δ_ℓ) = ∑ ℓ>n m({x ∈ Δ_0 | R(x) > ℓ}) . The main result is:

Theorem 4.2 (Recurrence times and rates of mixing [Yo3]). (1) F : Δ → Δ admits an invariant probability measure ν which is absolutely continuous with respect to m. The density dν/dm is an element of F^+_β (Δ) and inf(dν/dm) > 0. (2) The pair (F, ν) is exact (and thus mixing) if and only if the greatest common divisor of the return times {R(x) , x ∈ Δ_0} is equal to one.

(3) Assume that (F, ν) is exact. Then there is a probability measure λ on Δ, absolutely continuous with respect to m, with^{dλ}_{dm} ∈ F^+_β and C > 0 with |F^n_∗ λ − ν| ≥ C m{ ^R > n} , ∀n ∈ Z_+ . (4) Assume that (F, ν) is exact and that there is 0 < τ̃ < 1 with m({ ^R > n}) = O(τ̃^n). Then there is τ̃ ≤ τ < 1 such that for each absolutely continuous probability measure λ on Δ with^{dλ}_{dm} ∈ F^+_β |F^n_∗ λ − ν| ≤ C τ^n , ∀n ∈ Z_+ . (5) Assume that (F, ν) is exact and that there are 0 < τ̃ < 1 and 0 < ξ̃ ≤ 1 with m({ ^R > n}) = O(τ̃^{nξ̃} ). Then there are τ̃ ≤ τ < 1 and ξ ≤ ξ̃ such that for each probability measure λ on Δ with^{dλ}_{dm} ∈ F^+_β |F^n_∗ λ − ν| ≤ C τ^{nξ} , ∀n ∈ Z_+ . (6) Assume that (F, ν) is exact, and that for some γ > 0 and all n, m({ ^R > n}) = O(n^{−γ} ). Then for each probability measure λ on Δ with^{dλ}_{dm} ∈ F^+_β |F^n_∗ λ − ν| ≤ C n^γ , ∀n ∈ Z_+ . In the above theorem, the statements on rates of mixing are formulated in terms of bounds for the approach to equilibrium |F^n_∗ λ − ν|. The corresponding upper bounds for decay of correlations are easily deduced.

Other methods:

We do not claim that the three approaches described are the only ones in existence! In particular “Markov approximation” techniques have been much investigated (see Chernov [Ch2, Ch1], Lecture 12 in Sinai’s book [Sin] and also some work of Yuri [Yu1, Yu2]). See also the results of Jakobson and Newhouse [JN] for two-dimensional maps.

Also, there exist a few “tricks” to improve the spectral properties of the transfer operator. One of them involves “regularising” the operator (an instance of this method is the kneading operator approach presented in Section 5, see also the work of Rugh [Rug3] on analytic maps with a neutral fixed point). Finally, some of the results discussed involve constructing a transfer operator which is not directly associated to the dynamics to be studied ([Li3], [LSV2], [Po2]) but to a combination

DECAY OF CORRELATIONS 21

of a suitable iterate n of the dynamics and some “noise,” letting the noise level ϵ go to zero and taking a suitable iterate N(ϵ). In some sense the method used by Chernov [Ch1] and Hu [Hu] also involves this idea.

5. Walking around a picturesque neighbourhood: One-dimensional dynamics and kneading operators

We discuss here a relatively recent strategy, inspired by the Milnor-Thurston kneading matrix, to implement the spectral approach (control of the essential spectral radius and link with dynamical zeta function) which has been studied in onedimension. Let I ⊂ R be a compact interval, and Ω be a finite set of indices. For each ω ∈ Ω, let I_ω ⊂ I be an open interval, ψ_ω : I_ω → ψ_ω(I_ω ) a homeomorphism (setting also ϵ_ω = 1 if ψ_ω preserves orientation, ϵ_ω = −1 otherwise). Finally, let g_ω : I → C be of bounded variation (in particular, dg_ω is a complex measure), continuous, and supported in I_ω . The assumption that each g_ω is both continuous and supported in I_ω is technical, to avoid boundary terms when integrating by parts. It is in general not satisfied if g_ω = |ψ^′_ω| with ψ_ω the inverse branches of a single map. Fortunately, it can basically be suppressed for Theorem 5.1 (see [Bal]) and greatly weakened for Theorem 5.2 [Rey].

We define a transfer operator acting on the space B of functions φ : I → C of bounded variation modulo countable sets (or just on bounded functions) by

(5.1) Lφ = ∑ ω∈Ω (φ ∘ ψ_ω) g_ω . We also introduce a formal dual of L

(5.2) ^Lφ = ∑ ω∈Ω ϵ_ω (φ ∘ ψ^{−1}_ω ) (g_ω ∘ ψ^{−1}_ω ) .

The main example is when the ψ_ω are the local inverse branches of a piecewise monotone interval map f, i.e., there is a partition of a compact interval I = [a_0, a_n], given by a_0 < a_1 < . . . < a_N , and f : I → I so that f|_{[ai,ai+1]} is continuous and monotone, Ω = {1, . . . , N}, ψ_ω = (f|_{[aω−1,aω ]})^{−1}, and g_ω = g ∘ψ_ω. Then the formal dual is just a weighted composition operator ^Lφ = (φ ∘ f)gϵ_f , where ϵ_f is the “sign of the slope of f.”

Finally, writing ‖ · ‖_∞ for the operator norm of L or ^L acting on bounded functions, we define

(5.3) R := lim_{n→∞}(‖L^n‖_∞)^{1/n} , ^R := lim_{n→∞}(‖ ^L^n‖_∞)^{1/n} .

Up to exchanging L and ^L, we can assume to fix ideas that ^R ≤ R. The inequality ^R ≤ R is automatic in the setting of piecewise monotone and piecewise continuous interval maps: In this case ^R = lim_{n→∞}(sup_x |g^{(n)}(x)|)^{1/n} . (We write g^{(n)}(x) = ∏_{n−1} k=0 g(f^kx).)

5.A Bounding the essential spectral radius.

Theorem 5.1 (Spectrum of L on BV , Ruelle). Assume ^R ≤ R. (1) The essential spectral radius of L on BV is not larger than ^R. (2) The spectral radius ρ(L) of L on BV satisfies ρ(L) ≤ R.

22 VIVIANE BALADI

(3) If all functions g_ω are real and nonnegative, then ρ(L) = R. If, additionally, ^R < R then R is an eigenvalue with nonnegative eigenfunction φ_g , and there is an eigenfunctional ν_g of L^∗ for R, with ν_g a Borel probability measure and ν_g (φ_g ) > 0. The measure φ_g ν_g is f-invariant if the ψ_ω are the inverse branches of a given f.

There is no “hyperbolicity” or “expansion” assumption in Theorem 5.1. Note however that if the ψ_ω are the inverse branches of f a piecewise differentiable map, and g = 1/|f^′| then R = 1, and the strict inequality ^R < R is satisfied if |f^′| ≥ λ > 1. Under such assumptions, the result above had been proved previously by Hofbauer-Keller [HK] (see also Baladi-Keller [BK] and Ruelle [Ru7]).

Proof of Theorem 5.1. (1) We start by sketching Ruelle’s elegant conceptual proof [Ru8] of the upper bound for the essential spectal radius, which emphasizes the role played by the Leibniz formula (also essential in the proof of (4.8)). See [Bal] for more details.

The key remark is that addition of a compact operator does not change the essential spectral radius of a bounded operator. Let d : B → C(I)^∗ be the Banach space isomorphism between functions of bounded variation and signed (or complex) finite measures. We shall prove that the essential spectral radius of the conjugated operator M = dLd^{−1} acting on C(I)^∗ is at most ^R by writing M = M_1 + M_2, with M_2 compact and M_1 having spectral radius at most ^R.

By definition,

(5.4) M(μ) = dL(d^{−1}μ) = d ∑ ω g_ω (d^{−1}μ) ∘ ψ_ω .

We may assume that the functions appearing in the sum have at most regular discontinuities. Therefore, the Leibniz rule for functions of bounded variation, together with a change of variable formula, produce a decomposition M = M_1 + M_2, where M_1 has spectral radius on C(I)^∗ bounded by ^R and where

(5.5) M_2μ = ∑ ω (d^{−1}μ) ∘ ψ_ω dg_ω is compact. Compactness of M_2 follows from finiteness of the sum and an intuitively obvious property of “compactness of integration.” In the case when the ψ_ω are inverse branches of f, e.g., the bound on the spectral radius of M_1 is an easy exercise left to the reader, since

(5.6) M_1μ = f_∗(ϵ_f · g)μ .

(2) Since we have just shown that ρ_{ess}(L) ≤ ^R ≤ R, to check that ρ(L) ≤ R it suffices to see that whenever λ is an eigenvalue of L on B then |λ| ≤ R. This is evident, since λ is then an eigenvalue for L acting on bounded functions modulo countable sets, and R is the spectral radius on that space.

(3) To construct φ_g ∈ B and a Borel probability measure ν_g with L(φ_g ) = Rφ_g and L^∗(ν_g ) = Rν_g , one can use general remarks on positive operators, following Ruelle, Keller, and others (see, e.g., the proof of the Ruelle-Perron-Frobenius theorem in [Bal1]). □

DECAY OF CORRELATIONS 23

5.B Kneading operators and sharp traces.

Up to this point, the dynamical zeta functions and generalised Fredholm determinants whose analytical properties were related to the spectral properties of transfer operators involved sums over all periodic points, requiring in particular the set of periodic points to be at most countable. In their pioneering paper on one-dimensional dynamics, Milnor and Thurston [MT] associated to any piecewise monotone interval map f : I → I (with finitely many, say N, monotonicity intervals) a negative zeta function

(5.7) ζ^−(z) = exp ∞∑ n=1 z^n n 2 # Fix^−f^n ,

where the set of negative fixed points of f^n is

Fix^−f^n = {x ∈ I | f^nx = x , f^n monotone decreasing in a neighbourhood of x} .

(See also the notes on Zeta functions by M. Pollicott.) The important fact, of course, is that Fix^−f^n is a finite set. The principle “what goes down must go up” explains why it is natural to double the negative periodic points. If f is piecewise expanding, one can show that ζ^−(z) is just the usual unweighted dynamical zeta function (1.1) of f, up to a simple polynomial factor.

Milnor-Thurston [MT] proved (using a homotopy argument) the surprising equation

(5.8) ζ^−(z) det(1 − D(z)) = 1 ,

where D(z) is the kneading matrix, a finite (N +1)×(N +1) matrix, with coefficients power series associated to the itineraries of the turning points. These power series (the kneading invariants) embody a rather complete description of the map f, and the one-dimensional kneading theory is by now well developed, see, e.g., de Melovan Strien [MS]. (Milnor and Thurston’s version of (5.8) involves a polynomial correction, due to the fact that they worked with an N − 1 × N − 1 matrix.)

One can rewrite ζ^−(z) as a Lefschetz zeta function, ζ^L(z) where all periodic points x are counted, but with a weight L(x) ∈ {0, −1, 1} (cancellations may occur, in particular in homtervals). This second formulation (Baladi-Ruelle [BR1]) makes it easier to define a weighted negative (Lefschetz) dynamical zeta function especially if the weight is locally constant. Formula (5.8) was extended to the weighted and “nonfunctional” case (ψ_ω, g_ω) situations in a series of papers (in particular Baladi- Ruelle [BR1], Ruelle [Ru8], Baladi-Ruelle [BR2]). The “usual” relationship between the poles of the zeta function and the inverse eigenvalues of a transfer operator acting on functions of bounded variation (or C^r with r-th derivative of bounded variation, Ruelle [Ru8]) was established in this framework. Again we limit ourselves to simplest statements. We shall use the sign function

(5.9) sgn (x) = −1 if x < 0 , sgn (x) = 0 if x = 0 , sgn (x) = 1 if x > 0 ,

which has the property that^1_2 d( sgn) is δ_0 the Dirac mass at 0. Define also the sharp trace of the data (Ω, I_ω , ψ_ω, g_ω) by

(5.10) tr^#L := ∑ ω∈Ω ∫ I_ω dg_ω(x) 1 2 sgn (ψ_ωx − x) ,

24 VIVIANE BALADI

Definition (5.10) clearly extends to the iterates L^n. The sharp trace has the trace property

(5.11) tr^#(L_1L_2) = tr^#(L_2L_1)

for any transfer operators L_1, L_2 of the form (5.1).

Theorem 5.2 (Sharp traces and sharp determinants [BR2]). Assume that ^R ≤ R. The sharp determinant

(5.12) det^#(1 − zL) = exp − ∞∑ m=1 z^m m tr^#L^m .

defines a holomorphic function in the disc of radius ^R^{−1} where its zeroes are exactly the inverses of the eigenvalues of L acting on B of modulus at least ^R. The order of λ^{−1} as a zero of det^#(1 − zL) coincides with the algebraic multiplicity of λ as an eigenvalue of L.

An application of integration by parts and change of variables rule in an integral yields tr^# ^L = −tr^#L. We thus have the functional equation

(5.13) det^#(1 − z ^L) = 1 det^#(1 − zL) . Note also that one can rewrite det^#(1 − zL) as a (weighted) Lefschetz zeta function whenever the set of “periodic orbits” is countable (using d (sgn) = δ_0). More precisely, if Fixψ^{(n)} is finite for each relevant composition ψ^{(n)} = ψ_{ωn} ∘ · · · ∘ ψ_{ω1} then tr^#L^n = ∑ ω_1 ,... ,ω_n ∑ x∈Fixψ^n L(x, ψ^{(n)})g^{(n)}(x) , where the Lefschetz number L(x, ψ), for x an isolated fixed point of a monotone function ψ : (a, b) → R is defined by: L(x, ψ) = { 0 if graph of ψ doesn’t cross the diagonal at x, ϵ_ψ lim_{y→x} sgn^{(ψy−y)}

sgn(x−y) otherwise,

with ϵ_ψ = 1 if ψ preserves orientation and −1 otherwise.

Sketch of proof of Theorem 5.2. The proof is by regularisation. Specifically, it uses a family of almost trace class operators, the kneading operators D(z), which are analogues of Milnor and Thurston’s kneading matrix. These operators act on L^2(dμ) for an auxiliary measure μ = ∑ ω |dg_ω| + ∑ ω |d(g_ω ∘ ψ^{−1}_ω )|, guaranteeing the existence of the Radon-Nikodym derivatives dg_ω/dμ. For any z not in the spectrum of L, the operator D(z) is defined by

(5.14) D(z) = zN (1 − zL)^{−1}S ,

where the (smoothness improving, compact) integration operator S is defined by

(5.15) Sφ(x) = ∫ I 1 2 sgn (x − y)φ(y) dμ(y) ,

DECAY OF CORRELATIONS 25

and where the auxiliary operator N is given by

(5.16) N φ = ∑ ω∈Ω (φ ∘ ψ_ω) dg_ω dμ .

We define ^D(z) analogously (replacing g_ω, ψ_ω and M by ϵ_ωg_ω ∘ ψ^{−1}_ω , ψ^{−1}_ω and ^M).

Since D(z)φ(x) = ∫ D_{xy}(z)φ(y) dμ(y) has a bounded kernel, whenever 1/z is not in the spectrum of L, it is a Hilbert-Schmidt operator in L^2(dμ) so that the regularised determinant det_2(1 + D(z)) of order 2 is well-defined (Simon [Sim]). We may thus set det^∗(1 + D(z)) := e^{∫ Dxx(z) dμ(x)}det_2(1 + D(z)) .

The key identity in the proof of Theorem 5.2 is the following analogue of (5.8):

(5.17) det^#(1 − zL) det^∗(1 + D(z)) = 1 .

The first proof of (5.17) in Baladi-Ruelle [BR2] was by a series resummation argument (involving repeated use of integration by parts and change of variables). A more conceptual proof can be extracted from the method used in a one-dimensional complex partial analogue of Theorem 5.2 (Baladi et al. [BKRS]). We do not state the complex result for lack of space, mentioning only that sgn(x)/2 is replaced by the function σ(z) = 1/(πz), and derivation is replaced by ¯∂ (using in particular ¯∂σ = δ_0), and that in the simplest cases we have the formula tr^#L = ∑ ω∈Ω ∑ x∈Fixψω (x) g^ω(x)/(1 − ∂ψ^ω(x)) (note the absence of absolute value).

We sketch the conceptual proof of (5.17) now: after unifying the sharp trace (5.10) of transfer operators with the “trace” of kernel operators defined by

tr^∗D(z) := ∫ D_{xx}(z) dμ(x) , we check that this unified trace, noted tr^∗, satisfies (5.11). Hence, the usual determinant formulas hold for det^∗(1 − M) = exp − ∑ n 1 n tr^∗M^n. The argument is then quite literally a three-line proof:

det^∗(1 + D(z)) det^#(1 − zL) = det^∗(1 + zN (1 − zL)^{−1}S) det^∗(1 − zL)

= det^∗(1 + zSN (1 − zL)^{−1}) det^∗(1 − zL)

= det^∗(1 + z(SN − L)) = 1 ,

where we used tr^#L = tr^∗(SN ), and more generally the less trivial identities tr^∗(SN − L)^n = 0 for n ≥ 1, to get the last equality. □

Notational warning: We use g instead of exp(g) for the weight function in these notes, because we want to admit the possibility that g(x) = 0. We have reserved the letter F for the function spaces in [Yo2, Yo3] and use C for the Lipschitz functions in the subshift of finite type model.

Final Comment: These notes and in particular the bibliography do not have any pretension to being exhaustive. We are grateful to the referee for pointing out some glaring omissions and apologize to authors for any remaining ones. The book [Ba1] contains a more detailed account of some topics.

26 VIVIANE BALADI

References

[ADU] J. Aaronson, M. Denker, and M. Urbański, Ergodic theory for Markov fibered systems and parabolic rational maps, Trans. Amer. Math. Soc. 337 (1993), 495–548.

[A] J.F. Alves, SRB measures for nonhyperbolic systems with multidimensional expansion, Annales scient. Ecole normale sup. (4) 33 (2000), 1–32.

[ABV] J.F. Alves, C. Bonatti, and M. Viana, SRB measures for partially hyperbolic systems whose central direction is mostly expanding, Invent. Math. 140 (2000), 351–398.

[Bal] V. Baladi, Positive Transfer Operators and Decay of Correlations, To appear (Vol. 16, Advanced Series in Nonlinear Dynamics), World Scientific, Singapore.

[BBM] V. Baladi, M. Benedicks, and V. Maume, Almost sure rates of mixing for i.i.d. unimodal maps, Preprint (1999).

[BK] V. Baladi and G. Keller, Zeta functions and transfer operators for piecewise monotone transformations, Comm. Math. Phys. 127 (1990), 459–479.

[BKRS] V. Baladi, A. Kitaev, D. Ruelle, and S. Semmes, Sharp determinants and kneading operators for holomorphic maps, Proc. Steklov Inst. Math. 216 (1997), 186–228.

[BKS] V. Baladi, A. Kondah, and B. Schmitt, Random correlations for small perturbations of expanding maps, Random & Computational Dynamics 4 (1996), 179–204.

[BR1] V. Baladi and D. Ruelle, An extension of the theorem of Milnor and Thurston on the zeta functions of interval maps, Ergodic Theory Dynam. Systems 14 (1994), 621–632.

[BR2] V. Baladi and D. Ruelle, Sharp determinants, Invent. Math. 123 (1996), 553–574. [BV] V. Baladi and M. Viana, Strong stochastic stability and rate of mixing for unimodal maps, Annales scient. Ecole normale sup. (4) 29 (1996), 483–517.

[BaY] V. Baladi and L.-S. Young, On the spectra of randomly perturbed expanding maps, (see also Erratum, Comm. Math. Phys., 166, 219–220 (1994)), Comm. Math. Phys. 156 (1993), 355–385.

[BeY1] M. Benedicks and L.-S. Young, Absolutely continuous invariant measures and random perturbations for certain one-dimensional maps, Ergodic Theory Dynam. Systems 12 (1992), 13–37.

[BeY2] M. Benedicks M. and L.-S. Young, Sinai-Bowen-Ruelle measures for certain Hénon maps, Invent. Math. 112 (1993), 541–576.

[BeY3] M. Benedicks and L.-S. Young, Markov extensions and decay of correlations for certain Hénon maps, Astérisque 261 (2000), 13–56.

[Bil] P. Billingsley, The Lindeberg-Lévy theorem for martingales, Proc. Amer. Math. Soc. 12 (1961), 788–792.

[Bir] G. Birkhoff, Lattice theory (3rd ed.), Amer. Math. Soc. Colloquium Publications, Amer.

Math. Soc., Providence, RI, 1967.

[Bov] C. Bonatti and M. Viana, SRB measures for partially hyperbolic systems whose central direction is mostly contracting, Israel J. Math. 115 (2000), 157–193.

[Bow] R. Bowen, Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, Springer Lect. Notes in Math. 470, Berlin-Heidelberg-New York, 1975.

[Br] X. Bressaud, Subshifts on an infinite alphabet, Ergodic Theory Dynam. Systems 19 (1999), 1175–1200.

[BFG] X. Bressaud, R. Fernández, and A. Galves, Decay of correlations for non Hölderian dynamics: a coupling approach, Electron. J. Probab. 4 (1999), 19 pp..

[BLS] H. Bruin, S. Luzzatto, and S. van Strien, Decay of correlations in one-dimensional dynamics, Preprint (1999).

[Bu1] J. Buzzi, Exponential decay of correlations for random Lasota-Yorke maps, Comm.

Math. Phys 208 (1999), 25–54.

[Bu2] J. Buzzi, Piecewise expanding piecewise and R-analytic mappings of the plane, Preprint IML (1998), http://iml.univ-mrs.fr/~buzzi, to appear Ergodic Theory Dynam. Systems.

[Bu3] J. Buzzi, No or infinitely many a.c.i.p. for piecewise expanding C^r maps in higher dimensions, Preprint (2000).

[BM] J. Buzzi and V. Maume-Deschamps, Decay of correlations for piecewise expanding maps in higher dimensions, Preprint mp arc (1999).

[Cas] A. Castro, Backward inducing and exponential decay of correlations for partially hyperbolic attractors with mostly contracting direction, Ph.D. thesis, IMPA (1998).

DECAY OF CORRELATIONS 27

[Ch1] N. Chernov, Limit theorems and Markov approximations for chaotic dynamics, Probab.

Theory Related Fields 101 (1995), 321–362.

[Ch2] N. Chernov, Markov approximations and decay of correlations, Ann. of Math. (2) 147 (1998), 269–324.

[Ch3] N. Chernov, Statistical properties of piecewise smooth hyperbolic systems in high dimensions, Discrete Contin. Dynam. Systems 5 (1999), 425–448.

[Ch4] N. Chernov, Decay of correlations and dispersing billiards, J. Statist. Phys. 94 (1999), 513–556.

[CMT] N. Chernov, R. Markarian, and S. Troubetzkoy, Conditionally invariant measures for Anosov maps with small holes, Ergodic Theory Dynam. Systems 18 (1998), 1049–1074.

[CMS] P. Collet, S. Martínez, and B. Schmitt, The Pianigiani-Yorke measure for topological Markov chains, Israel J. Math 97 (1997), 61–70.

[Co] W. Cowieson, Piecewise smooth expanding maps in R^d, Ph.D. thesis UCLA (1999). [Do1] D. Dolgopyat, On decay of correlations in Anosov flows, Annals of Math. 147 (1998), 325–355.

[Do2] D. Dolgopyat, Prevalence of rapid mixing in hyperbolic flows, Ergodic Theory Dynam.

Systems 18 (1998), 1097–1114.

[Do3] D. Dolgopyat, Prevalence of rapid mixing-II: topological prevalence, Preprint (1998), to appear Ergodic Theory Dynam. Systems.

[Do4] D. Dolgopyat, On dynamics of mostly contracting diffeomorphisms, Preprint (1998), to appear Comm. Math. Phys.

[Do5] D. Dolgopyat, On mixing properties of compact group extensions of hyperbolic systems, Preprint (2000).

[DS] N. Dunford and J.T. Schwartz, Linear Operators, Part I: General theory, Wiley Classics Library Edition, Wiley, New York, 1988.

[Dur] R. Durrett, Probability: theory and examples, Second edition, Duxbury Press, Belmont, Ca, 1996.

[F] B. Fayad, Polynomial correlations for a class of smooth flows on the two torus, Preprint (2000).

[FS] P. Ferrero and B. Schmitt, Produits aléatoires d’opérateurs matrices de transfert, Probab. Theory Related Fields, 79 (1988), 227–248.

[Fr1] D. Fried, The zeta functions of Ruelle and Selberg I, Ann. Sci. École Norm. Sup. (4) 19 (1986), 491-517.

[Fr2] D. Fried, The flat-trace asymptotics of a uniform system of contractions, Ergodic Theory Dynam. Systems 15 (1995), 1061–1073.

[Fr3] D. Fried, Meromorphic zeta functions for analytic flows, Comm. Math. Phys. 174 (1995), 161–190.

[Fur] H. Furstenberg, Stationary processes and prediction theory, Princeton U. Press, Princeton, NJ, 1960.

[Gr1] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer.

Math. Soc. 16), Amer. Math. Soc., 1955.

[Gr2] A. Grothendieck, La théorie de Fredholm, Bull. Soc. Math. France 84 (1956), 319–384. [Ha1] N.T.A. Haydn, Gibbs’ Functionals on Subshifts, Comm. Math. Phys. 134 (1990), 217– 236.

[Ha2] N.T.A. Haydn, Meromorphic extension of the zeta function for Axiom A flows, Ergodic Theory Dynam. Systems 10 (1990), 347–360.

[Ho] F. Hofbauer, Piecewise invertible dynamical systems, Probab. Theory Related Fields 72 (1986), 359–386.

[HoK] F. Hofbauer and G. Keller, Ergodic properties of invariant measures for piecewise monotonic transformations, Math. Z. 180 (1982), 119–140.

[Hu] H. Hu, Decay of correlations for piecewise smooth maps with indifferent fixed points, Preprint (1998).

[HuY] H. Hu and L.-S. Young, Nonexistence of SBR measures for some diffeomorphisms that are “almost Anosov”, Ergodic Theory Dynam. Systems 15 (1995), 67–76.

[Is1] S. Isola, Renewal sequences and intermittency, J. Stat. Phys. 97 (1999), 263–280. [Is2] S. Isola, On the rate of convergence to equilibrium for countable ergodic Markov chains, Preprint (1997).

28 VIVIANE BALADI

[JN] M. Jakobson and S. Newhouse, Asymptotic measures for hyperbolic piecewise smooth mappings of a rectangle, Astérisque 261 (2000), 103–159.

[Ke] G. Keller, On the rate of convergence to equilibrium in one-dimensional systems, Commun. Math. Phys. 96 (1984), 181–193.

[KN] G. Keller and T. Nowicki, Spectral theory, zeta functions and the distribution of periodic points for Collet-Eckmann maps, Comm. Math. Phys. 149 (1992), 31-69.

[Kit] A. Kitaev, Fredholm determinants for hyperbolic diffeomorphisms of finite smoothness, (See also Corrigendum, 1717–1719), Nonlinearity 12 (1999), 141–179.

[KS] K. Krzyz.ewski and W. Szlenk, On invariant measures for expanding differentiable mappings, Studia Math. 23 (1969), 83–92.

[LaY] A. Lasota and J. A. Yorke, On the existence of invariant measures for piecewise monotonic transformations, Trans. Amer. Math. Soc. 186 (1973), 481–488.

[LiY] T.Y. Li and J. A. Yorke, Ergodic transformations from an interval to itself, Trans.

Amer. Math. Soc. 235 (1978), 183–192.

[Lin] T. Lindvall, Lectures on the coupling method, Wiley Series in Probability and Mathematical Statistics, Wiley, New York, 1992.

[Li1] C. Liverani, Decay of correlations, Ann. of Math. 142 (1995), 239–301. [Li2] C. Liverani, Central limit theorem for deterministic systems, Proceedings of the International Conference on Dynamical Systems (Montevideo, 1995), Longman, Harlow, 1996.

[Li3] C. Liverani, Flows, random perturbations and rate of mixing, Ergodic Theory Dynam.

Systems 18 (1998), 1421–1446.

[LSV1] C. Liverani, B. Saussol, and S. Vaienti, Conformal measure and decay of correlation for covering weighted systems, Ergodic Theory Dynam. Systems 18 (1998), 1399–1420.

[LSV2] C. Liverani, B. Saussol, and S. Vaienti, A probabilistic approach to intermittency, Ergodic Theory Dynam. Systems 19 (1999), 671–686.

[Mau1] V. Maume-Deschamps, Equilibrium states for non Hölderian random dynamical systems, Random Comput. Dynam. 5 (1997), 319–335.

[Mau2] V. Maume-Deschamps, Correlations decay for Markov maps on a countable states space, Preprint http://www.unige.ch/math/biblio/preprints/pp98.html (1998), to appear Ergodic Theory Dynam. Systems.

[Mau3] V. Maume-Deschamps, Projective metrics and mixing properties on towers, Preprint (1999), to appear Ergodic Theory Dynam. Systems.

[Ma1] D. Mayer, On the thermodynamic formalism for the Gauss map, Comm. Math. Phys.

130 (1990), 311–333.

[Ma2] D. Mayer, Continued fractions and related transformations, Ergodic Theory, Symbolic Dynamics and Hyperbolic Spaces (T. Bedford, M. Keane, and C. Series, ed.), Oxford University Press, Oxford, 1991.

[MS] W. de Melo and S. van Strien, One-dimensional Dynamics, Springer-Verlag, Berlin, 1993.

[MT] J. Milnor and W. Thurston, On iterated maps of the interval, Lecture Notes in Mathematics 1342, Springer, 1988.

[PaPo] W. Parry and M. Pollicott, Zeta Functions and the Periodic Orbit Structure of Hyperbolic Dynamics, Astérisque 187–188, Soc. Math. de France, Paris, 1990.

[PeS] Ya.B. Pesin and Ya.G. Sinai, Gibbs measures for partially hyperbolic attractors, Ergodic Theory Dynam. Systems 2 (1982), 417–438.

[Po1] M. Pollicott, On the rate of mixing of Axiom A flows, Invent. Math. 81 (1985), 413–426. [Po2] M. Pollicott, Rates of mixing for potentials of summable variation, Preprint (1997). [Rey] L. Rey-Bellet, Unpublished notes on kneading operators (1995). [Ru1] D. Ruelle, Zeta functions for expanding maps and Anosov flows, Invent. Math. 34 (1976), 231–242.

[Ru2] D. Ruelle, Applications conservant une mesure absolument continue, Comm. Math.

Phys. 55 (1977), 47–51.

[Ru3] D. Ruelle, Thermodynamic Formalism, Addison Wesley, Reading MA, 1978. [Ru4] D. Ruelle, One-dimensional Gibbs states and Axiom A diffeomorphisms, J. Diff. Geom.

25 (1987), 117–137.

[Ru5] D. Ruelle, The thermodynamic formalism for expanding maps, Comm. Math. Phys. 125 (1989), 239–262.

DECAY OF CORRELATIONS 29

[Ru6] D. Ruelle, An extension of the theory of Fredholm determinants, Inst. Hautes Etudes Sci. Publ. Math. 72 (1990), 175–193.

[Ru7] D. Ruelle, Dynamical zeta functions for piecewise monotone maps of the interval, Amer.

Math. Soc., Providence, RI, 1994.

[Ru8] D. Ruelle, Sharp determinants for smooth interval maps, Proceedings International Congress on Dynamical Systems (Montevideo, 1995), F. Ledrappier, J. Lewowicz, and S. Newhouse eds., Pitman Research Notes in Mathematics Series 362, Addison Wesley Longman, Harlow, 1996.

[Ru10] D. Ruelle, Differentiation of SRB states, Comm. Math. Phys. 189 (1997), 365–371. [Rug1] H.H. Rugh, The correlation spectrum for hyperbolic analytic maps, Nonlinearity 5 (1992), 1237–1263.

[Rug2] H.H. Rugh, Generalized Fredholm determinants and Selberg zeta functions for Axiom A dynamical systems, Ergodic Theory Dynam. Systems 16 (1996), 805–819.

[Rug3] H.H. Rugh, Intermittency and regularized Fredholm determinants, Invent. Math. 135 (1999), 1–25.

[Ry] M. Rychlik, Bounded variation and invariant measures, Studia Math. LXXVI (1983), 69–80.

[Sar] O. Sarig, Thermodynamic formalism for countable Markov shifts, Ergodic Theory Dynam. Systems 19 (1999), 1565–1593.

[Sau] B. Saussol, Absolutely continuous invariant measures for multidimensional expanding maps, Israel J. Math 116 (2000), 223–248.

[Sim] B. Simon, Trace Ideals and their Applications, Cambridge University Press, Cambridge, 1979.

[Sin] Ya.G. Sinai, Topics in Ergodic Theory, Princeton University Press, Princeton, 1994. [Tsu1] M. Tsujii, Absolutely continuous invariant measures for piecewise real-analytic expanding maps on the plane, Comm. Math. Phys. 208 (2000), 605–622.

[Tsu2] M. Tsujii, Piecewise expanding maps on the plane with singular ergodic properties, Preprint (1998), to appear Ergodic Theory Dynam. Systems.

[V1] M. Viana, Multidimensional nonhyperbolic attractors, Inst. Hautes Etudes Sci. Publ.

Math. 85 (1997), 63–96.

[V2] M. Viana, Stochastic dynamics of deterministic systems, Col. Bras. de Matemática, 1997.

[Wal] P. Walters, An Introduction to Ergodic Theory, Springer-Verlag, New York, 1982. [WY] Q. Wang and L.-S. Young, Analysis of a class of strange attractors, Preprint (1999). [Yo1] L.-S. Young, Decay of correlations for certain quadratic maps, Comm. Math. Phys. 146 (1992), 123–138.

[Yo2] L.-S. Young, Statistical properties of systems with some hyperbolicity including certain billiards, Annals. of Math. 147 (1998), 585–650.

[Yo3] L.-S. Young, Recurrence times and rates of mixing, Israel. J. Math. 110 (1999), 153–188. [Yu1] M. Yuri, On the convergence to equilibrium states for certain nonhyperbolic systems, Ergodic Theory Dynam. Systems 17 (1997), 977–1000.

[Yu2] M. Yuri, Statistical properties for nonhyperbolic maps with finite range structure, Trans.

Amer. Math. Soc. 352 (2000), 2369–2388.

Mathématiques, Université de Genève, CH-1211 Geneva 24, SWITZERLAND Current address: Laboratoire de Mathématiques, CNRS, UMR 8628, Université de Paris- Sud, F-91405 Orsay, FRANCE

E-mail address: viviane.baladi@math.u-psud.fr